Rubi 4.16.0.4 Integration Test Results

on the problems in the test-suite directory "5 Inverse trig functions"

Test results for the 227 problems in "5.1.2 (d x)*m (a+b arcsin(c x))*n.m"

Problem 168: Result valid but suboptimal antiderivative.

XZ
J dx
(a+bArcsinfcx] )3

Optimal (type 4, 197 leaves, 16 steps):

x*V1-c?x? X 353 Cos[i] CosIntegral[%fc—xL}
- - + - +
2bc (a+bArcSin[cx])? b’c? (a+bArcSin[cx]) 2b?(a+bArcSin[cx]) 8 b3 c3
3a 3 (arbArcSincx]) s Tal cs b ArcsSi . 327 s 3 (31b ArcSi
9 Cos| ba} CosIntegral|>{® "b Anlexl) ] ) Sln[Z] SinIntegral [ 2-oAreiniexl | ) 9Sin| ba] SinIntegral [ {2bAresinlexi, "‘b infex]) ]
8b3¢3 8b3c3 8 b3 c3

Result (type 4, 245leaves, 16 steps):
x2\/1-c?x? X 3x3

2bc (a+bAr‘cSin[cx])2 b%c? (a+bArcSin[cx]) ' 2b? (a+bArcSinfcx])
3

9 Cos | i} CosIntegral [% +ArcSin[cx]| 9Cos]| f] CosIntegral| 373 +3ArcSin[cx]| Cos[2] CosIntegral |Arcsinicxl ]

b
+ + -

8b3¢c3 8 b3 ¢c3 b3 3
9Sin| i} SinIntegral [i +ArcSin[cx]| 9Sin| 3?3] SinIntegral| 373 +3ArcSin[cx] ] Sin| 3] SinIntegral [ 2:bAreiniexl |

+ i b
8b3c3 8 b3 3 b3 3

o |o
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Test results for the 703 problems in "5.1.4 (f x)"m (d+e x"2)*p (a+b arcsin(c x))"n.m

Problem 45: Result valid but suboptimal antiderivative.

Ja +bArcSin[cx]
X

x4 (d—czdxz)2

Optimal (type 4, 259 leaves, 19 steps):

bc3 bc a+bArcSin[c x]

3d2V1-c2x?  6d2x2\1-c2x2  3d*x% (1‘C2X2>

5c2 (a+bArcSinfcx]) 5c*x (a+bArcSin[cx]] 5ic®(a+bArcSin[cx]) ArcTan [ et Arcsincx] |

3d2x(1—c2x2) 2 d2 (l—czxz) d?

13bc3ArcTanh[V1-c2x2 | 5ibc3Polylog[2, -i etArsinicx]| 54 b c3 Polylog[2, i etArcsiniex] ]
+ _
6 d? 2 d? 2 d?
Result (type 4, 285leaves, 19 steps):
5bc3 bc bcvV1l-c?2x? a+bArcSin[cx]
_ N _ _
6R2VI-c2x  3d2x2\1-c2xE 2d %2 3d2¢ (1-¢2x?)

5c? (a+bArcSin[cx]) 5c*x (a+bArcSin[cx]) 5ic® (a+bArcSin[cx]) ArcTan|e!Arcsinicx |
+

3d2x(1—c2x2) 2 d2 (1—c2x2) d?

13bc? ArcTanh[V/1-c2x? |  5ibc?Polylog[2, -ielArsinlex]] 54 bc3Polylog|2, i elArcsinicx]]
. _

6 d? 2 d? 2 d?

Problem 54: Result valid but suboptimal antiderivative.

a+bArcSin[cx]
j dx

x4 (d—czdxz)3

Optimal (type 4, 317 leaves, 23 steps):
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b c3 bc 29bc3 a+bArcSin[cx] 7c*(a+bArcSin[cx])
- - - - +
12 d3 (17c2x2>3/2 6 d3 x2 (1—c2x2)3/2 24d3/1-c2x2  3d3x3 (1—c2x2)2 3d3x(17c2x2)2

35¢*x (a+bArcSin[cx]) 35c*x (a+bArcSin[cx]) 35ic? (a+bArcSin[cx]) ArcTan|e!Arcsiniex] |

12d3 (1—c2x2>2 : 8 d? (1—c2x2> 4d3

19b c3 ArcTanh[V1-c2x2 |  35ibc?Polylog|2, -ielArcsiniex]] 35 b c3 Polylog[2, i e!Arcsinicx] ]
N _

6d? 8d3 8d?

Result (type 4, 369 leaves, 23 steps):

7bc? bc 49b c3 5bc Sbcv/1-c2x2  a+bArcSin[cx]
_36d3 (17c2x2)3/2+9d3x2 (17c2X2)3/2_24d3\/1_c72x2+9d3x2 1_c2x2 ) 6 d3 x? _3d3x3 (l—czxz)z_
7c2 (a+bArcSin[cx]) 35c*x (a+bArcSin[cx]) 35c*x (a+bArcSin{cx]) 35ic® (a+bArcSin[cx]) ArcTan|e!Arcsiniex] |
3d3x (1-c2x?)? ' 12d® (1-c2x?)? ' 8d (1-c?x?) ) 443 -

19b c? ArcTanh[V1-c?x? | 35ibc3Polylog|2, -i el Aresinlexl] 353 b c3 Polylog|2, i elArcsinicx] ]
. _

6d3 8d3 8d3

Problem 60: Result optimal but 2 more steps used.
J\/d—czdx2 (a+bArcsinfcx])

6

dx
X

Optimal (type 3, 187 leaves, 4 steps):

bevd-c2dx? bec3Vd_cZdx@ (d—czdxz)B/Z(a+bAr‘cSin[cx1> 2c2(d—c2dx2)3/2(a+bAr‘cSin[cx1) 2bc®/d-c2dx? Log[x]

+ —

20x*V1-c2x*  30x2V1-c2x? 5dx° 15d x3 15/1-c2x?
Result (type 3, 187 leaves, 6 steps):

bcvd-c2dxZ bc3Vd-cZdx@ (d—czdx2)3/2(a+bAr‘cSin[cx}> 2c2(d—c2dx2)3/2(a+bAr‘cSin[cx}) 2bcsv/d-c2dx® Log[x]

. _ _

20x4/1-c2x2  30x2/1-c2x2 5dx° 15d %3 15+/1- 2 x2
Problem 61: Result optimal but 3 more steps used.

J\/dczdx2 (a+bArcsinfcx])

8

dx
X

Optimal (type 3, 263 leaves, 4 steps):

| 3
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bcVd-c?dx® bciVd-c2dx®  2bcsVd-c2dx?  (d-c2dx?)®? (a+bArcsin(cx])
+ +

42x5/1-c2x2  140x41-c2x2  105x2/1- 2 X2 7dx’
4c? (d-c2dx?)>? (a+bArcSin[cx]) 8c* (d-c?dx?)*? (a+bArcSin[cx]) 8bc’+/d-c2dx? Log[x]
35d x° 105 d x3

1051 -c?x?
Result (type 3, 263 leaves, 7 steps):

bcvVd-c2dx? bc3d-c2dx?  2bcSVd-c2dx?  (d-c2dx?)*? (a+bArcSin[cx])

42x6m+140x4m+ 105 x2 /1 - 2 xZ 7dx’

4c? (d—czdx2)3/2 (a+bArcsin[cx]) 8c* (d—czdx2>3/2 (a+bArcsin[cx]) 8bc’+d-c?dx? Log[x]
35 d x5 ) 105 d x3 ) 1051

Problem 62: Result optimal but 3 more steps used.
st \Jd-c*dx* (a+bArcSin[cx]) dx

Optimal (type 3, 256 leaves, 3 steps):
8bxd-c?2dx? 4bx*\/d-c?dx? bx*Vd-c?dx*> bcx’Vd-c?dx?
+

+ —

105 c® /1 - c? x? 315c3 V1 - c?x? 175c V1 -c?x? 49 /1 - c? x?

(d-c2dx?)*? (a+bArcSin[cx]) 2 (d-c?dx?)>? (a+bArcSin[cx]) (d-c2dx?)”'? (a+bArcSin[cx])
. _

3c¢bd 5 b d?

7 c®d3
Result (type 3, 256 leaves, 6 steps):
8bxVd-c2dx? 4bx3+Vd-c?2dx? bx*vVd-c?2dx? bcx’Vd-c2dx?

+

N _

105 ¢ V1 -c?x? 315c3V1-c?2x? 175¢cV1-c2x? 49+/1-c?x?

(d-c2dx?)*? (a+bArcSin[cx]) 2 (d-c?dx?)®? (a+bArcSin[cx]) (d-c2dx?)”'? (a+bArcSin[cx])
N _

3cbd 5 ¢ d?

7c®d3

Problem 63: Result optimal but 3 more steps used.
jx3 \Jd-c*dx* (a+bArcSin[cx]) dx

Optimal (type 3, 183 leaves, 3 steps):
2bxVd-cZdx® bx*/d-c2dx? bcx®/d-c2dx? (d-c2dx?)*? (a+bArcSin[cx]) (d-c2dx?)”? (a+bArcSin[cx])

+

153/1-c2x2 45cV1- 2 25/1- 2 x2 3ctd 5ctd?
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Result (type 3, 183 leaves, 6 steps):
2bx+vd-c?2dx? bx3vd-c?2dx? bcx>+/d-c?2dx? (d—c2dx2>3/2 (a+bArcsinfcx]) (d—czdxz)s/2 (a+bArcsinfcx])

+ - - +

153/1-c2x2 45cV1- 2 25/1- 2 x2 3ctd 5ctd?

Problem 74: Result optimal but 2 more steps used.

dx

J(d—czdxz)g’/2 (a+bArcsin[cx])
8

X
Optimal (type 3, 231 leaves, 5steps):
bcdm+2bc3dm bcSd/d-c?dx?
42x6/1-c2x? 35x4/1-c2x2 70x2/1-c2x?
(d-c2dx?)*? (a+bArcSin[cx]) 2c2(d-c2dx?)*? (a+bArcSin(cx]) 2bc’d~/d-c?dx? Log[x]
7dx’ ) 35 d x° : 35/1-
Result (type 3, 231 leaves, 7 steps):
bcdm+2bc3dm bcSdVd-c2dx?
42x5+/1-c2x? 35x4/1-c2x? 70x2/1-c2x?
(d-c2dx?)*? (a+bArcSin[cx]) 2c2 (d-c2dx?)*? (a+bArcSin[cx]) 2bc’d~/d-c2dx? Log[x]
7dx’ ) 35 d x° : 35/1-C

Problem 75: Result optimal but 3 more steps used.

(d- czdxz)E'/2 (a+bArcsinfcx])
J dx

X10

Optimal (type 3, 308 leaves, 5steps):
bcdVd-c2dx? 5bcidVd-cZdx? bcdVd-c2dx?  2bc’dVd-cZdx?  (d-c2dx?)*? (a+bArcSin[cx])
- N - - -

72 x8+/1 - c? x? 189 x6 /1 - c? x? 420 x* /1 - c? x? 315 x2 V1 - c?x? 9dx’
4 c? (d—czdxz)S/2 (a+bArcsinfcx]) _8c4 (d—czdx2>5/2 (a+bArcsinfcx]) +8bc9d\/d—c2dx2 Log [X]
63 dx’ 315d x° 3151 - 2 x2

Result (type 3, 308 leaves, 8steps):
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bcdvVd-c2dx? 5bc*dVd-c2dx? bcSdVd-c2dx? 2bc’dVd-c2dx®  [(d-c2dx?)®? (a+bArcSin[cx])
_ N _ _ _
189x5/1-c2x2  420x*/1-c2x? 315 x2/1- 2 X2 9dx°
4 c? (d—czdxz)S/2 (a+bArcsinfcx]) 8c* (d—czdx2>5/2 (a+bArcsinfcx]) 8bc®dVd-c?dx? Log[x]
- +

72x8 /1 - c?2 x?
315+/1-c2x?

63 d x’

315d x°

Problem 76: Result optimal but 4 more steps used.

(d-c2dx?)*? (a+bArcSin[cx])
dx

J x12

Optimal (type 3, 385Ileaves, 5steps):
bcd+vd-c?dx? bc3dvVd-c2dx? bc>dv/d-c2dx? bc’dvVd-c?dx?

_ + _ _ _
66 x2 /1 - c? x? 1386 x°® /1 - c? x? 770 x* 1 - c?2 x?

110 x¥® /1 - c2 x?

4bc®d/d-c2dx? (d-c2dx?)”? (a+bArcSin[cx]) 2c?(d-c2dx?)*'? (a+bArcSin[cx])
11d x11 33d x°
8 c* (d—czdxz)S/2 (a+bArcsin[cx]) 16c® (d—czdxz)S/2 (a+bArcSinfcx]) 16bcd+/d-c2dx? Log[x]
- +

1155 x2 V1 - ¢? x?
1155/ 1 - c2 x2

1155d x°

231dx’

Result (type 3, 385leaves, 9steps):
bcdvd-c?dx? bc3dvVd-c2dx? bc>dvd-c2dx? bc’dvVd-c2dx?

_ + _ _ _

110 x1@ /1 - c2 x2 66 x8 V1 - c2x? 1386 x5 /1 - c2 x2 770 x* /1 - c2 x2

4bc®d/d-c2dx? (d-c2dx?)”? (a+bArcSin[cx]) 2c2(d-c2dx?)*? (a+bArcSin(cx])
11d x11 33d x°

8c* (d-c2dx?)®? (a+bArcSin[cx]) 16c® (d-c?dx?)®? (a+bArcSin[cx]) 16bctd~/d-c2dx? Log[x]
- +

1155 x2 /1 - c2 x2
1155 /1 - c2 x2

1155 d x°

231d x’

Problem 77: Result optimal but 3 more steps used.

Jx7 (d—czdxz)g’/2 (a+bArcSin[cx]) dx

Optimal (type 3, 375leaves, 4 steps):



16bdxvVd-c2dx? 8bdx3vd-c2dx? 2bdx>+/d-c?2dx?
+ +
1155 ¢’ V1 - c2 x?

+
3465 c® V1 - c? x? 1925 c3 /1 - c? x?

bdx’Vd-c2dx? 4bcdx®+/d-c?2dx? bc3dx*t+/d-c?dx?

(d-c2dx?)*? (a+bArcSin[cx])
1617 cV1-c2x? 297V/1-c2x2 ' 121/1-c2x2 5c%d '
3(d-c2dx?)”'? (a+bArcSinfcx]) ) (d-c2dx?)%? (a+bArcSin[cx]) . (d-c2dx?)™'? (a+bArcSin[cx])
7 c®d? 3c843 11 c&d*
Result (type 3, 375leaves, 7 steps):
16bdxm+8bdx3m+2bdx5m+
11557 V1-c2x2  3465c5V1-c2x?  1925c3V1-c2x?
bdx’Vd-c?dx? 4bcdx®/d-cZdx? bcidx?Vd-c2dx® (d-c2dx?)*? (a+bArcSin[cx])
1617 c Vi 20741 ' L1Vitae 5c%d '
3(d-c2dx?)”’? (a+bArcSin[cx]) (d-c2dx?)”? (a+bArcSin[cx]) (d-c2dx?)''? (a+bArcSin[cx])
7 c8d? ) 3c8d3 ' 11 c®d*

Problem 78: Result optimal but 3 more steps used.

st (d-c*dx?) 3/2 (a+bArcSinfcx]) dx
Optimal (type 3, 301 leaves, 4 steps):

8bdxVd-c2dx? 4bdx3+vVd-c2dx? bdx*+Vd-c2dx? 10bcdx’/d-c2dx? bc3dx®+Vd-c?dx?
+ + -
315 ¢® 2

1-c2x 945 3 \/1-c2x? 525c\V1-c2x2 441\1-2 x> ’ 811 - cZx?
(d-c?dx?)*? (a+bArcSincx]) 2 (d-c2dx?)”? (a+bArcSin[cx]) (d-c2dx?)”? (a+bArcSin[cx])

5cbd : 7 cbd? ) 9cbd?

Result (type 3, 301 leaves, 7 steps):

dexm+4bdx3m+bdx5m 10bcdx7m+bc3dx9m

3155 V/1-c2x? 945 c3\/1-c2x? 525¢c/1-c2x? 441/1-c2x* 81V1-c2x?

(d-c2dx?)*? (a+bArcSin[cx]) . 2 (d-c2dx?)”’? (a+bArcSin[cx]) . (d-c2dx?)*? (a+bArcSin[cx])
5céd 7 cbd? 9ctd?

Problem 79: Result optimal but 3 more steps used.

Jx3 (d—czdxz)g‘/2 (a+bArcsinfcx]) dx

5 Inverse trig functions.nb
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Optimal (type 3, 227 leaves, 4 steps):

2bdxm+bdx3m 8bcdx5/d-c2dx?
35c3/1-c2x2 105 c/1-c2x? 175/1-c2x?
beddx’Vd-c2dx? (dfczdxz)s/2 (a+bArcSin[cx]) (dfczdxz)”2 (a+bArcSin[cx])

+

49+/1-c2x? 5ctd 7 ¢4 d?
Result (type 3, 227 leaves, 7 steps):
2bdxvVd-c?2dx? bdx*Vd-c2dx? 8bcdx>+d-c?2dx?
+ _
35c3+V1-c?x? 105¢c V1 - c2 x? 1751 - c2 x?
bc3dx’vVd-c2dx? (d—czdxz)S/2 (a+bArcsinfcx]) (d—czdx2)7/2 (a+bArcsinfcx])

+

491 - 2 x2 5c4d 7 c*d?

+

+

Problem 91: Result optimal but 2 more steps used.

J(d—czdxz)w2 (a+bArcsinfcx])

dx

XlO

Optimal (type 3, 282 leaves, 6 steps):
bc3d?Vd-c2dx? bcSdVd-c2dx® b d*Vd-c?dx? bcd? (1-c2x?)7?Vd-c2dx®
- . - -

189 x6 /1 - c2 x? 42 x4/1-c2x? 21x2+/1-c2x? 72 x3
(d-c?dx?)”? (a+bArcSin[cx]) 2c?(d-c2dx?)”? (a+bArcSin[cx]) 2bc®d2+/d-c2dx? Log[X]
9d x° 63 dx’ 63“/1—C2X2

Result (type 3, 282 leaves, 8steps):
bctd?Vd-c2dx? bcfd?Vd-c2dx? b’ d?Vd-c?dx®  bcd? (1-c2x?)7*V/d-c2dx?
_ N _ _

189 x5 \/1 - 2 x2 42x4\1-c2x? 21x2/1-c2 x2 723
(d—czdxz)”2 (a+bArcsinfcx]) 2c? (d—czdxz)”2 (a+bArcsinfcx]) 2bc®d?+/d-c?dx? Log[x]
9dx° 63 d x’

63V 1-c?x?

Problem 92: Result optimal but 3 more steps used.

(d-c2dx?)*? (a+bArcSin[cx])
J dx

X12

Optimal (type 3, 361 leaves, 5steps):
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bcd?\/d-c2dx? 23bc3d?+/d-c?dx? 113bc°d?2+/d-c?dx?
_ . _
110 x¥® /1 - c2 x? 792 x8/1-c2x? 4158 x® /1 - c2x?
bc’d?\/d-c2dx? 2bc®d2/d-c2dx? (d-c2dx?)”? (a+bArcSin[cx])
+ _

+

924x4/1-cZx2  693x2~/1-c2x2 11dx
4 c? (dfczdxz)”2 (a+bArcSin[cx]) 8c* (dfczdx2>7/2 (a+bArcSin[cx]) 8bclld?~/d-c?dx? Log[x]
99 d x° 693 d x’ 6931 - c2x2

Result (type 3, 361 leaves, 8 steps):
bcd2m+23bc3d2m 113bc5d2v/d-c2dx?
110 X2 /1 - 2 x2 792 x8 /1 - c2 x2 4158 x6 /1 - c2 x?
bc7d2m+2bc9d2m (d-c2dx?)”? (a+bArcSin[cx])

+

924 x4\/1-c2x? 693x2\/1-c2x? 11dx*
4c? (d—czdx2)7/2 (a+bArcsin[cx]) 8c* (d—c2dx2>7/2 (a+bArcsinfcx]) 8bcd?+/d-c?dx? Log[x]
99 d x° 693 d x’ 6931 - c2 x?

Problem 93: Result optimal but 3 more steps used.

st (d—czdxz)S/2 (a+bArcSin[cx]) dx

Optimal (type 3, 354 leaves, 4 steps):
8bd2x\d-c2dx? 4bd?*x3\/d-c?2dx? bd2x>vVd-c2dx? 113bcd?*x’\/d-c?2dx? 23bc3d?*x’+/d-c?dx?
+ + - +

693 c®\/1-c?x? 2079 c3 /1 -c?x? 1155c V1 -c? x? 48511 - c? x? 8911 -c?x?
bcsd2xi/d-c2dx2 (d-c2dx?)”? (a+bArcSin[cx]) 2 (d-c?dx?)?? (a+bArcSin[cx]) (d-c2dx?)''? (a+bArcSin[cx])
_ N -
1211 - c2x2 7ctd 9 c® g2 11 cbd3

Result (type 3, 354 leaves, 7 steps):

8bd2xm+4bd2x3m+bd2x5m 113bcd2x7m+23bc3d2x9m
693 c5\/1-c2x? 2079 c3/1- 2 x2 1155 c/1-c2x2 4851/1-c?x? 891/1-c2x2
bcsd2xd-c?dx®? (d-c2dx?)”? (a+bArcSin[cx]) 2 (d-c2dx?)?? (a+bArcSin[cx]) (d-c2dx?)*'? (a+bArcSin[cx])

+

1211 - c2 %2 7cbd 9 ¢b d2 11 ¢ d3

| 9
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Problem 94: Result optimal but 3 more steps used.
sz’ (d-c*dx?) >/2 (a+bArcSinfcx]) dx

Optimal (type 3, 278 leaves, 4 steps):
2bd?x+vd-c?dx?* bd?*x*\/d-c2dx? bcd®*x>V/d-c?2dx* 19bc3d*x’Vd-c?dx?
+ - +

633/ 1-c?x? 189 c V1 - c? x? 211 -c?x? 441~/ 1 - c? x?
bcsd2x?d-c2dx®2 (d-c2dx?)”? (a+bArcSin[cx]) (d-c?dx?)?? (a+bArcSin[cx])
- +
81V1-c2x? 7ctd 9 c* d?

Result (type 3, 278 leaves, 7 steps):
2bd?x/d-c2dx? bd*x3vVd-c?dx? bcd*x*vVd-c?2dx* 19bc3d?*x’V/d-c?dx?
+ - +

63 c3V1-c?x? 189 c V1 -c?x? 211 -c?x? 4411 - c? x?
besd2x?Vd-c2dx2  (d-c2dx?)”? (a+bArcSin[cx]) (d-c?dx?)?? (a+bArcSin[cx])
- +
81V1-c2x? 7ctd 9ctd?

Problem 100: Result valid but suboptimal antiderivative.
J\/ n-cnx* (a+bArcSin[cx]) dx

Optimal (type 3, 68leaves, 3steps):
b ArcSi 2
—lbcﬁx2+ Exm (a+bArcsinfcx]) + Vi (a+baresincx])
4 2

4bc

Result (type 3, 116 leaves, 3 steps):

bex2\rn-c2nx? 1 m-c2nx? (a+bArcSinfcx])?
- +=x+/n-c?nx® (a+bArcSin[cx]) +
aVi_aaE 2 abc1-c2x2

Problem 110: Result optimal but 1 more steps used.

Jx“ (a+bArcsinfcx]) 4
X

Vd-c?dx?
Optimal (type 3, 200 leaves, 5 steps):
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3bx2v1-c2x? bx*/1-c2x? 3xVd-c2dx? (a+bArcSin[cx]) x*V/d-c2dx® (a+bArcSin[cx]) 3+/1-c2x? (a+bArcSin[cx])?

- +

. _
16 c3 v/ d - c?dx? 16 c \/d-c?dx? 8ctd 4c*d 16 b c®> v d - c?d x>

Result (type 3, 200 leaves, 6 steps):
3bx2V/1-¢e2x? bx*V1-c2x? 3xVd-c2dx? (a+bArcSin[cx]) x*Vd-c2dx® (a+bArcSin[cx]) 3+/1-c2x? (a+bArcSin[cx])?

+ - - +

16c3Vd-c2dx? 16c/d-c2dx? 8cd 4cd 16bc5+d-c2dx?

Problem 112: Result optimal but 1 more steps used.

dx

x? (a+bArcSinfcx])
Optimal (type 3, 124 leaves, 3 steps):
bx2\/1-c2x% xm(a+bAr‘cSin[cx}) \/m<a+bAr‘cSin[cx})2

+

4cd-c2dx2 2c*d abc3/d-cldx?

Result (type 3, 124 leaves, 4 steps):
bx2+/1-c2x? xVd-c?2dx? (a+bAr‘cSin[cx}) V1 -c?x2 <a+bAr‘cSin[cx})2

+

4c/d-c2dx? 2c*d 4bc3d-c2dx?

Problem 114: Result optimal but 1 more steps used.

dx

a+bArcSin[cx]
Optimal (type 3, 491leaves, 1step):
Vi-c2x? (a+bArcSinfcx])?
2bcVd-c2dx®
Result (type 3, 49leaves, 2 steps):
V1-c2x* (a+bArcSincx])?
2bcVd-c2dx®
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Problem 115: Result optimal but 1 more steps used.

a+bArcSin[cx]
J dx

xVd-c?dx?
Optimal (type 4, 145leaves, 6 steps):
2+1-c2x? (a +bArcSin[c x] ) ArcTanh [e“"CSi”[CX] } ib+/1-c2x? Polylog [2, — @l Arcsinfcx] } ib+/1-c2x? Polylog [2, @l Arcsinfcx] ]

+ —

\d-c2dx? Vd-c2dx? \d-c2dx?
Result (type 4, 145leaves, 7 steps):
2v/1-c?x? (a+bArcSin[cx]) ArcTanh[etfresinlexl ] j b+/1-c?x? Polylog|2, -elAresiniex] ] j h~/1-c2x? Polylog|2, e'Arcsiniex] |

— + —

Vd-c?dx? Vd-c?dx? Vd-c?dx?

Problem 117: Result optimal but 1 more steps used.

a+bArcSin[cx]
J dx

x3+d-c?dx?
Optimal (type 4, 229 leaves, 8 steps):
bc1-c2x? Vd-c2dx? (a+bArcSinfcx]) c2V1-c?x? (a+bArcSin[cx]) ArcTanh|e!Arcsiniex] ]

- - +

2x/d-c?dx? 2dx? Vd-c?dx?
ibc2y1-c2x? PolyLog[Z, —e“"Si”[CX]} ibc2v1-c2x? PolyLog[z, e“"CSi“[CX]}
2+d-c?dx? 2+d-c?dx?

Result (type 4, 229 leaves, 9steps):
bc1-c2x? Vd-c?dx? (a+bArcSin[cx]) c2V1-c2x? (a+bArcSin[cx]) ArcTanh|elAresiniex] ]

- +

2x+/d-c2dx? 2dx? \Jd-c2dx2
ibc2+/1-c?x? Polylog[2, -etAresinlexl]  j pc2+/1-c?x? Polylog|2, elArcsinicx]]
2+d-c?dx? 2+d-c?dx?

Problem 119: Result valid but suboptimal antiderivative.

st (a+bArcsinfcx]) 4
X

(d-c2dx?)*?

Optimal (type 3, 221 leaves, 5steps):
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5bx+/d-c?dx? bx3+d-c?2dx? a+bArcSin[c x]
- - + +
3c5d2V1-c2x2 9c3d?vV1-c?x? c®d/d-c?2dx?

2vd-c*dx* (a+bArcSinf[cx]) (d—czdx2)3/2 (a+bArcSin[cx]) b+/d-c?dx? ArcTanh[c x]

c®d? 3ctd? cd2\/1-c2x2
Result (type 3, 229 leaves, 8 steps):
5bx+/1-c2x? bx3\/1-c2x? x* (a+bArcSin[cx])

+

- - +
3cdvVd-c?2dx? 9c3d/d-c?dx? c2dvd-c?2dx?
8Vd-c?dx?® (a+bArcSin[cx]) 4x*Vd-c?dx? (a+bArcSin[cx]) b+/1-c2x? ArcTanh[cx]

N _
3C6d2 3C4d2 c6d~/d-c?dx?

Problem 120: Result optimal but 1 more steps used.

Jx“ (a+bArcsinfcx]) i
X

(d-c2dx?)*?

Optimal (type 3, 214 leaves, 7 steps):
bx2/1-c2x2 x> (a+bArcSinfcx]) 3xVd-c2dx?® (a+bArcSin[cx]) 3V1-c2x? (a+bAr‘cSin[cx})2 bv1-c2x? Log[1-c?x?]
- +

+

- +
4c3d/d-c?dx? c2d~/d-c?dx? 2c*d? 4bc>dd-c?dx? 2c>d/d-c?dx?
Result (type 3, 214 leaves, 8steps):
bx2+/1-c2x? x> (a+bArcSin[cx]) 3xVd-c2dx? (a+bArcSin[cx]) 3+V1-c2x? (a+bAr‘cSin[cx})2 bvV1-c2x? Log[1l-c?x?]
- +

+

- +
4c3d\d-c2dx? 2dV/d-c2dx? 2ctd? 4bcSdVd-c2dx? 2c¢5dV/d-c2dx2

Problem 121: Result valid but suboptimal antiderivative.

st (a+bArcsinfcx]) i
X

(d-c2dx?)*?
Optimal (type 3, 142leaves, 4 steps):
bxVd-c2dx? a+bArcSin[cx] Vd-c?dx? (a+bArcSin[cx]) b+/d-c2dx? ArcTanh[c x]
_ N _

N
c3d2v1-c?x? c*d/d-c?dx? ctd? c*d?\/1-c?x?
Result (type 3, 146 leaves, 5steps):
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bx/1-c2x? x? (a+bArcSin[cx]) 2+vd-c?dx® (a+bArcSin[cx]) b+/1-cZx? ArcTanh[c x]
_ . + _
c3d+vd-c2dx? c2d+vd-c?dx? c* d? ctd+d-c?2dx?

Problem 122: Result optimal but 1 more steps used.

sz (a+bArcSinfcx])

(d-c2dx?)*?

dx

Optimal (type 3, 135leaves, 3 steps):

X (a+bArcSinfcx]) 1-c?x? (aerAr'cSin[cx})2 meog[l—czxz]
Cavd-dx  2bddvVd-ddx  20dvd-cdddd

Result (type 3, 135leaves, 4 steps):

x (a+bArcSin[cx]) Vi-c2x? (a+bArcSin[cx])? meog[l—czxz]
Cava-cdx  2bddvVd-cddx 20dd ddad

Problem 125: Result optimal but 1 more steps used.
Ja+bAr~cSin[c x] dx

X (d—czdx2>3/2

Optimal (type 4, 220 leaves, 8 steps):

a+bArcSin[cx] 2V1-c*x? (a+bArcSin[cx]) ArcTanh|e!Aresiniex] ]

d+/d-c?dx? d+/d-c?dx?
bv/1-c2x2 ArcTanh[cx] 1ib+v1-c2x? PolyLog[Z, —e“"CSi“[CX]} ibvV1-c2x? PolyLog[Z, e“’“CSi”[CX]]
N _
d+vd-c?dx? d~/d-c?dx? d+vd-c?dx?

Result (type 4, 220 leaves, 9steps):
a+bArcSin[cx] 2 V1-c2x? (a +bArcSin[c x] ) ArcTanh [e“'"CSi“[”] ]
dvd-c2dx? dvd-cZdx®
bv/1-c2x? ArcTanh[cx] 1ib+V1-c?x? Polylog[2, —e'A"sinlcxI]  ib+/1-c2x? PolylLog|[2, e!Arcsinicx]]

+ —

d+d-c?dx? d+d-c?dx? d+d-c?dx?
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Problem 126: Result valid but suboptimal antiderivative.

a+bArcSin[cx]
J dx

x? (d-c2dx?)??

Optimal (type 3, 150leaves, 5 steps):
a+bArcSin[cx] 2c*x (a+bArcSin[cx]) bcy/d-c?dx? Log[x] bcvd-c2dx?® Log|[l-c?x?]
+

- + +
dx~/d-c?dx? dd-c?2dx? d?+1-c?x? 2d2/1-c?x?
Result (type 3, 150 leaves, 7 steps):
a+bArcSin[cx] 2c*x (a+bArcSinfcx]) bc1-c*x? Log[x] bcvVi-c2x? Log[1l-c?x?]
+ +

- +

dxVd-c?dx? dvd-c?dx? d+d-c?dx? 2d+Vd-c?dx?

Problem 127: Result optimal but 1 more steps used.

a+bArcSin[c x]

J dx
x? (d-c2dx?)*?

Optimal (type 4, 316 leaves, 11 steps):

bcvV1l-c?x? 3¢ (a+bArcSin[cx]) a+bArcSin[cx] 3c2V1-c2x? (a+bArcSin[cx]) ArcTanh|elAresiniex] |
+

2dx+Vd-c?dx? 2d+/d-c?dx? 2dx%+/d-c?dx? d+/d-c?dx?
bc2\/1-c2x? ArcTanh[cx] 31ibc?+/1-c?x? Polylog|2, —e*Arsinlex]] 34 bc2+/1-c2x? Polylog[2, etArcsiniex]]
+ _
d+/d-c?dx? 2d+/d-c2dx? 2d+/d-c2dx?

Result (type 4, 316 leaves, 12 steps):

bcvi-c2x? 3¢ (a+bArcSin[cx]) a+bArcSin[cx] 3c2V1-c2x? (a+bArcSin[cx]) ArcTanh|elAresiniex] ]
N

2dxVd-c?dx? 2d+/d-c2dx? 2dx2+/d-c?2dx? d+/d-c?dx?
bc2v/1-c2x? ArcTanh[cx] 31ibc?+/1-c?x? Polylog|2, -e*Arsinlex]] 34 bc2+/1-c2x? Polylog|2, etArcsiniex] ]
+ _
dvd-c?dx? 2d+Vd-c?dx? 2d+d-c?2dx?

Problem 128: Result valid but suboptimal antiderivative.

a+bArcSin[cx]
J dx

x* (d-c2dx?)*?

Optimal (type 3, 238 leaves, 5steps):
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bcd-c2dx? a+bArcSin[cx] 4c?(a+bArcSin[cx])

6d2x2\V1-c?x?2  3dx3/d-c?dx? 3dx+vd-c?dx?
8c*x (a+bArcsin[cx]) 5bc3+/d-c2dx? Log[x] bc*Vd-c?dx? Log[1-c?x?]
+ +

+

3d+/d-c?dx? 3d2/1-c?2x? 2d2/1-c?x?
Result (type 3, 238 leaves, 11 steps):
bcv1-c2x2 a+bArcSin[cx] 4c? (a+bArcSinf[cx])

+

6dx?/d-c?dx? 3dx3+Vd-c?dx? 3dxVd-c?dx?
8c*x (a+bArcSinfcx]) 5bc3/1-c2x® Log[x] bc*Vi-c2x? Log[1 - c2x?]
+ +
3d+vd-c?dx? 3d+vd-c?dx? 2d+vd-c?dx?

Problem 129: Result optimal but 1 more steps used.

JXG (a+bArcsinfcx]) i
X

(d-c2dx?)>?

Optimal (type 3, 293 leaves, 11 steps):
b bx2/1-c2x? x* (a+bArcSin[cx]) 5x* (a+bArcSinfcx])

+

- +
6c’7d2V1-c2x2 Vd-c2dx? 4c>d2/d-c2dx? 3C2d<d—C2dX2>3/2 3c¢4d?2+vd-c?dx?
5xVd-c2dx? (a+bArcSin[cx]) 5+1-c2x? (a+bArcSin[cx])? 7b+/1-c2x? Log[l-c?x?]
+ _

2c0d 4bc’ d2Vd-c2dx? 6c7d>/d-c2dx
Result (type 3, 293 leaves, 12 steps):
b bx2+/1-c2x2 x> (a+bAr‘cSin[cx}) 5 x3 (a+bAr‘cSin[cx])
+ + - -

6c7d2V1-c2x2 Jd-c2dx?  4c5d?/d-c2dx? 3C2d(C|7C2dX2>3/2 3c¢4d?vd-c?dx?
5xVd-c2dx? (a+bArcSin[cx]) 5+1-c2x? (a+bArcSin[cx])? 7b+/1-c2x? Log[1l-c?x?]
N _
2c0d? 4bc’d>Vd-c2dx? 6c’d>Vd-c2dx?

Problem 130: Result valid but suboptimal antiderivative.

JXS (a+bArcsinfcx]) 4
X

(d—czdxz)S/2

Optimal (type 3, 219leaves, 5 steps):
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bx+d-c?dx? bxd-c?dx? a+bArcSin[c x]
+ _

- +
6cd (1-c2x2)%? Sd/1-c2x2  3c®d (d-c2dx?)??
2 (a+bArcsinfcx]) +Vd-c2dx* (a+bArcSin[cx]] 11b+/d-c2dx? ArcTanh[cx]
- +

c®d2+/d-c?dx? c®d? 6cd3\V/1-c?2x?
Result (type 3, 234 leaves, 9steps):
b x3 5bxV1-c2x? x* (a+bArcSin[cx])
+ + -

6c3d>V1-c?x2 Vd-c?dx®  6c5d2V/d-cZdx?  3cid (d-c2dx?)??
4x? (a+bArcSin[cx]) 8+vd-c?dx? (a+bArcSin[cx]) 11b+/1-c2x? ArcTanh[cx]
N

3c¢td2/d-c2dx2 3ctd? 6c6d2/d-c2dx2

Problem 131: Result optimal but 1 more steps used.

Jx“ (a+bArcsinfcx]) 4
X

(d-c2dx?)*?

Optimal (type 3, 212leaves, 7 steps):

b x> (a+bArcSin[cx]) x (a+bArcSin[cx]) 1-c2x? (a+bArcSin[cx])® 2b~/1-c?x? Log[1-c?x?]
_ . _ N _
6c5d?V1-c2x2 Vd-c2dx?  3c2d (d-c2dx?)?? c*d?/d-c2dx? 2bc®d*+/d-c2dx? 3c¢>d?+/d-c?dx?
Result (type 3, 212leaves, 8steps):

b x> (a+bArcSin[cx]) x (a+bArcSin[cx]) 1-c?x? (a+bArcSin[cx])® 2b+1-c?x? Log[l-c?x?]
_ . _ + _
6c>d2V1-c2x2 \/d-c2dx? 3C2d(d—C2dX2)3/2 c*d?>+d-c?dx? 2bc>d?+vd-c?dx? 3c>d?/d-c?dx?

Problem 132: Result valid but suboptimal antiderivative.

JXS (a+bArcSinfcx]) ;
X

(d-c2dx?)*?
Optimal (type 3, 150 leaves, 4 steps):
bx+/d-c?dx? a+bArcSinfcx] a+bArcSin[cx] 5b+/d-c?dx? ArcTanh[c x]
- + - +

6c3d? (17c2x2)3/2 3c4d(d7c2dx2)3/2 cAd?/d-c2dx? 6crd3/1-c2x?
Result (type 3, 155leaves, 5steps):




18 | 5 Inverse trig functions.nb

b x x? (a+bArcSin[cx]) 2 (a+bArcSin[cx]) 5b+/1-c2x? ArcTanh[cx]
- + - +
6c3d2V1-c2x? Jd-c2dx?  3c?d (d-c2dx?)’? 3c¢*d?+/d-c?dx? 6c*d?/d-c2dx?

Problem 136: Result optimal but 1 more steps used.

a+bArcSin[cx]
J dx

X (d—czdx2>5/2

Optimal (type 4, 291 leaves, 11 steps):

bcx . a+bArcSin[c x] . a+bArcSin[cx] 2V1-c2x? (a+bArcSin[cx]) ArcTanh|e!Aresiniex] |
6d2/1-cZxZ d-c2dx2 3d(d-c2dx®)*?  g2[d-cZdx? d>d-c2dx?
7b~/1-c2x2 ArcTanh[c x] jmeolyLog[Z, —e“'"CSi”[CX]} jmeolyLog[z, eﬁAPCSi”[CX]]
N rr NFECrTS ) @A T
Result (type 4, 291 leaves, 12 steps):
bcx . a+bArcSin[c x] X a+bArcSin[cx] 2V1-c2x? (a+bArcSin[cx]) ArcTanh|e!Aresiniex] |
6d2V/1-cZx? Vd-c2dx?  3d(d-c2dx®)*?  q2[d-cZdx? d>d-c2dx?
7b~/1-c2x2 ArcTanh[c x] jmeolyLog[z, ~ gt Arcsin(ex] | jmeolyLog[z, el Arcsincx] |
sd A N Erra ) NrEErTa

Problem 137: Result valid but suboptimal antiderivative.

a+bArcSin[c x]
J dx

x2 (d-c2dx?)*?

Optimal (type 3, 224 leaves, 5 steps):
bcd-c?2dx? a+bArcSin[cx] 4c2x(a+bAr‘cSin[cx])

N

6d> (1-c2x2)¥? dx (d-c2dx?)?? 3d (d-c2dx?)>?

8c2x (a+bArcSin[cx]) bcy/d-c?dx? Log(x] 5bcVd-c?dx? Log[1-c2x?]
+ +

3d2+/d-c?2dx? d*V1-c?x? 6d3\/1-c?x?
Result (type 3, 224 leaves, 8 steps):
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bc a+bArcSin[cx] 4c?x (a+bArcSin[cx])
eI X A Tdx dx (d-cdx)?? 3d(d-cdx)?
8c?x (a+bArcSin[cx]) +bcmLog[x} +5bcmLog[1—c2x2}
3d2+/d-c?dx? d2Vd-c2dx? 6d2\/d-c2dx?

Problem 138: Result optimal but 1 more steps used.
Ja+bAr'cSin[c x] dx

x3 (d—czdxz)S/2

Optimal (type 4, 433 leaves, 15 steps):

bc 5bc3x 3bc/1-c2x?  5c? (a+bArcSin[cx])
4d2x/1-c2x2 Vd-c2dx? _12d2\/1—c2x2 vd-c2dx? _4d2xx/mJr 6d (d-c2dx?)*? )
a+bArcSin[cx] 5c? (a+bArcSinfcx]) 5c¢2+/1-c2x? (a+bArcSin[cx]) ArcTanh|e!Aresiniex] |
20 (d-dx)®? 2@ vd ddx @d-cTdxt 7
13bc2+/1-c2x? ArcTanh[cx] 5ibc2V1-c2x? Polylog[2, ~etA™esinicxl] 54 bc2+/1-c?x? Polylog[2, e!Aresinicx]|
N rerrra Y rErra ) P rErrra
Result (type 4, 433 leaves, 16 steps):
bc 5bc3x 3bcV1-c2x?  5¢* (a+bArcSin[cx])
4d2x\1-c2x? Vd-c2dx?  12d2V1-c2x? Vd-c2dx? 74d2xm+ 6d (d-c2dx?)>? .
a+bArcSin[cx] 5c? (a+bArcSin[cx]) 5c2V1-c>x® (a+bArcSin[cx]) ArcTanh[e®Aresinicx] |
2dx2(d—c2dx2)3/2+ Zdzm - dzm -
13bc2+/1- c2x? ArcTanh[cx] 5ibc2V/1-c2x? Polylog[2, ~etAcsiniexl] 54 bc2+/1-c?x? Polylog[2, elAresinicx]|
sd-ciax 2 Va Tt ) 26 d-cTdxt

Problem 139: Result valid but suboptimal antiderivative.
Ja +bArcSin[cx] dx

x* (d-c2dx?)*?

Optimal (type 3, 310leaves, 5steps):
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bc\/d-c2dx? bc/d-c2dx? a+bArcSin[cx] 2c? (a+bArcSinfcx])
N

6d3 (1-c2x2)*? ed3x2/1-c2x C3dye (d-c2dx?)*? dx (d-c2dx?)*?

8c4x(a+bAr‘cSin[cx]) 16c4x(a+bAr‘cSin[cx}) 8bc3+/d-c2dx? Log[x] 4bc3mLog[1—c2x2]
sd(d-ca)®?  seddoddxd  3diidx N

Result (type 3, 310 leaves, 12 steps):

) bc3 ) bcvi-c2x2 __a+bArcsin[cx] _2c2(a+bAr‘cSin[cx1)+

6d2/1-c2x2 Vd-c2dx? 6d2x2\/d-c2dx® 3dx® (d-c2dx?)’? dx (d-c2dx?)*?

8c*x (a+bArcSin[cx]) 16c*x (a+bArcSin[cx]) 8bc3+/1-c2x? Log[x] 4bc3mLog[1—c2x2]
3d(d-cde)’?  s@vdoddd  3@doddaxd  3@d-ddx

Problem 142: Result optimal but 1 more steps used.

dx

(-Fx)3/2 (a+bArcsinfcx])
Optimal (type 5, 137 leaves, 1step):
2 (fx)S/zm (a+bArcSin[cx]) Hyper‘geometr‘icZFl[%, ET’ %, c? x?]
5fVd-c2dx?
4bc (fx)7/2mHypergeometricPFQ[{l, i, i}, {%, %}, c? xz}
35f2/d-c2dx?
Result (type 5, 137 leaves, 2 steps):
2 (fx)S/Zm (a+bArcSinfcx]) Hyper‘geometr‘icZFl[%, i, %, 2 x?]
5fVd-c2dx?
4bc (fx>7/2mHyper‘geometr‘icPFQ[{l, i, i}, {%, %}, 2 x|

35f2+/d-c2dx?

Problem 152: Result optimal but 1 more steps used.

dx

Jxm (a+bArcSinfcx])
Vd-c?dx?
Optimal (type 5, 163 leaves, 1step):



x¥M+/1-c?x? (a+bArcSin[cx]) Hypergeometric2F1l| %, s T, CX
(Lem) Va_Fax®

bcx2m/1-c2x? Hyper‘geometr‘icPFQHl, 1+ f, 1+ %}, {% +

(2+3m+m2) Vd-c?dx?

Result (type 5, 163 leaves, 2 steps):

x¥M+/1-c?x? (a+bArcSin[cx]) Hypergeometric2Fi| i,
(1+m) vVd-c2dx?

bcx?™+/1-c2x? HypergeometricPFQ|[{1, 1+ ?, 1+ g}, {§+ f, 2+ f}, c2 x?]

2+3m+m?) /d-c?2dx?
( )

Problem 153: Result optimal but 1 more steps used.

Jx"‘ (a+bArcSinfcx]) i
X

(d-c2dx?)*?

Optimal (type 5, 272 leaves, 3 steps):

b (a+bAr‘cSin[cx}) mxm~/1 - c? x? (a+bAr'cSin[c x}) Hyper‘geometr‘icZFl[i, . B*T'", c? xz}
d+/d-c?dx? d(1+m)d-c2dx?

5 Inverse trig functions.nb

bcx?™~/1-c2x? Hypergeometric2F1[1, 2T, 4?'", c2x?]  bcmx2™+/1-c?x? HypergeometricPFQ[{1, 1+ f, 1+ f}, {f + f, 2+ 3}, 2 x?]

2

+

d <2+m> Vd-c2dx?

Result (type 5, 272 leaves, 4 steps):

4" (a+bArcsin[cx]) M x*m~/1-c?x? (a+bArcSin[cx]) Hypergeometric2F1| i, 4

d (2+3m+m2) vd-c?dx?

dvd-c2dx? d(1+m)d-c2dx?

bcx2m+/1-c2x? Hypergeometric2F1[1, Zam | 4?'", c2x2]  bcmx2™+/1-c?x? HypergeometricPFQ| {1, 1+ ?, 1+ f}, {

2

+ 0 2+f}, szz]

NRE

+

d <2+m> Vd-c?2dx?

d (2+3m+m2) Vd-c2dx?

| 21
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Problem 154: Result optimal but 1 more steps used.
Jx"‘ (a+bArcsinfcx])
(d-c2dx?)*?

dx

Optimal (type 5, 408 leaves, 5steps):

X" (a+bArcSin[cx]) (2-m) x*" (a+bArcSin[cx])

(2-m) mx*™+/1-c2x? (a+bArcSinfcx]) Hyper‘geometr‘icZFl[iJ Lem 3;"', c? x|
N _ _
3d (d-c?dx?)*? 3d2+/d-c2dx? 3d2 (1+m)/d-c2dx?
bc (2-m) x>"/1-c2x? Hypergeometric2F1[1, 2;’", 4;"‘, c2x2]  bex?™~/1-c2x? Hypergeometric2Fi|2, 2;—’", 4;’", c2 x?]

3d2 (2+m) Vd-c?dx? 3d? (2+m) Vd-c?dx?
bc (2-m) mx>"/1-c?x? Hyper‘geometr‘icPFQHl, 1+ f, 1+

2}, {%4—%, 2+§}, szz]

+

3d?2 (2+3m+m2) Vd-c?dx?
Result (type 5, 408 leaves, 6 steps):

X" (a+bArcSin[cx]) (2-m) x*" (a+bArcSin[cx])
+

(2-m) mx¥"+/1-c?x2 (a+bArcSinf[cx]) Hyper‘geometricZFl[i, Lim 3 2 2]
3d (d-c2dx?)*? 3d2Vd-c2dx?

3d? (1+m) Vd-c2dx?
bc (2-m) x>"+/1-c2x? Hypergeometric2F1[1, 2;—"‘, 4?"', c2x2]  bcx?™~/1-c?x? Hypergeometric2Fl|2, 2;—"‘, 4?"'

, €2 x?]

3d2 (2+m) Vd-c2dx?

3d? (2+m) Vd-c2dx?
bc(2-m) mxz”"mHyper‘geometr‘icPFQHl, 1+ f, 1+ f}, {% +

, 2+f}, szz]

3d2 (2+3m+m2) Vd-c2dx?

Problem 235: Result optimal but 1 more steps used.

Jx“ (a+bArcSin[cx])?
dx

Vd-c?dx?

Optimal (type 3, 337 leaves, 10 steps):

15b2x (1-c2x?)  b2x® (1-c?x?)  15b2+/1-c2x? ArcSin[cx] 3bx?V1-c?x? (a+bArcSin[cx])
+ - +

bx4m(a+bArcSin[cx])
64c*\/d-c2dx?  32c2d-c?dx? 64c5\/d-c2dx? 8c3\/d-c2dx? ) 8cd-c2dx?
_’>X\/m(a+bAr‘cSin[cx])2 x3\/m(a+bAr‘cSin[cx])2 \/ﬁ<a+bAr‘cSin[cx})3

8ctd ) 4c%d '

8bc’>+d-c?dx?
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Result (type 3, 337 leaves, 11 steps):
15b2x(1—c2x2) b2 x3 (1—c2x2) 15b2+/1 - c2x2 ArcSin[cx] 3bx2V1-c2x? (a+bArcSin[cx]) bx*V1-c2x? (a+bAr‘cSin[cx])
+ _

+ + -
64c*Vd-c?2dx? 32c?2+/d-c?2dx? 64 c®d-c?dx? 8c3+/d-c?dx? 8cd-c?2dx?
3xVd-c2dx? (a+bArcSin[cx])? x*v/d-c?dx? (a+bArcSin[cx])? 1-c2x? (a+bArcSinfcx])?
- +
8cd 4c*d 8bc®+/d-c2dx?

Problem 237: Result optimal but 1 more steps used.

sz (a+bArcsin[cx] )2 :
X

Vd-c2dx?
Optimal (type 3, 206 leaves, 5steps):
b2x/d-cZdx? b2y/1-c2x2 ArcSin[cx] bx*V1-c?2x? (a+bArcSinfcx])

+ —

4c*d 4c3+/d-c2dx? 2cvVd-c2dx?
x\/d-c?dx? (aerAr‘cSin[cx])2 V1-c2x? (a+bAr‘cSin[cx1)3
+
2c*d 6bc3Vd-c2dx?

Result (type 3, 213 leaves, 6 steps):
b2 x (1—c2x2) b2+/1-c2x2 ArcSin[cx] bx2V1-c?2x? (a+bAr‘cSin[c x])

+ —

4c?/d-c?dx? 4c3/d-c?dx? 2c/d-c?2dx?
xVd-c2dx? (a+bArcSinfcx])? 1-c2x? (a+bArcSin[cx])?
+
2c2d 6bc3/d-c2dx?

Problem 239: Result optimal but 1 more steps used.

(a+bArcSin[cx] )2
J dx

Vd-cZdx?
Optimal (type 3, 49leaves, 1step):
Vi-c2x? (a+bArcsin[cx])’
3bc/d-cZdx®

Result (type 3, 49 leaves, 2steps):
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Vi-c2x? (a+bArcSin[cx])?
3bcvd-c?dx?

Problem 240: Result optimal but 1 more steps used.

(a+bArcsinfcx] )2
J dx

xVd-c?dx?
Optimal (type 4, 257 leaves, 8 steps):
2+/1-c2x? (a+bArcSin[cx])?ArcTanh[etAresiniex] ] 24 b~/1-c2x? (a+bArcSin[cx]) PolylLog[2, -e!Arcsiniex] ]
- +

Vd-c?dx? Vd-c?dx?
2ibV1-c?x? (a+bArcSin[cx]) Polylog[2, eiAresinlex] ] 2p2+/1-c?x? Polylog|3, —eiArcsinlex]]  2b2+/1-c2x? Polylog|3, elArcsiniex]]
- +
Vd-c?dx? vd-c?dx? Vd-c?dx?

Result (type 4, 257 leaves, 9 steps):

2V/1-c?x? <a+bAr‘cSin[cx}>2Ar‘cTanh[ejA“Si”[CX]] 2ibV1-c?x? (a+bArcSin[cx]) Polylog|2, -e!Arcsinicx] |
+

Vd-c2dx? Vd-c2dx?
2ibV1-c?x? (a+bArcSin[cx]) Polylog[2, eiAresiniex] | 2p2+/1-c2x? Polylog|3, —etArcsinlex]]  2b2+/1-c2x? Polylog|3, elArcsinicx]]
- +
Vd-c?dx? Vd - c?dx? Vd - c?dx?

Problem 242: Result optimal but 1 more steps used.

(a+bArcsinfcx] )2
J dx

x> d-c?dx?
Optimal (type 4, 402 leaves, 13 steps):
bcvVi-c2x?* (a+bArcSin[cx]) +d-c?dx? (a+bArcSin[cx])?

xvd-c?dx? 2d x?
c2V1-c2x* (a+bArcSin[cx] )ZAr‘cTanh[e“"CSi”[“]] b2 c2v/1-c2x? ArcTanh[V/1-c2x? |
ibc2V1-c?x? (a+bArcSinf[cx]) PolyLog[2, —elAresiniex] ] j bc24/1 - c2x? (a+bArcsinfcx]) PolylLog[2, elArcsinicx] ]

b2 c2+/1 - c2x2 PolyLog [3’ _ et ArcSin[c x] ] b2 c2/1 - c2x2 PolyLog [3, el ArcSin[c x] }
+
Vd-c?dx? Vd-c?dx?
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Result (type 4, 402 leaves, 14 steps):
bcvVi-c?x? (a+bArcSin[cx]) Vd-c?2dx? (aerAr‘cSin[cx])2

xVd-c2dx? 2dx?
c2V1-c2x? (a+bArcSin[cx])?ArcTanh[etAresiniex] ] p2 c2 \V/1-c2x2 ArcTanh [m]
ibc?V1-c*x? (a+bArcSin[cx]) Polylog [2, —eiAresiniex] ] 4 b c2~/1-c2x2 (a+bArcSinf[cx]) PolylLog [2, etArcsiniex]]
b2 c2+/1- c2x? PolylLog [3, - glArcsinfcx] ] b2 c2+/1- c2x? Polylog [3, el Arcsinfex] }

Problem 245: Result optimal but 1 more steps used.

Jx“ (a+bArcsinfcx] )2 4
X

(d-c2dx?)*?

Optimal (type 4, 424 leaves, 14 steps):

b x (1-c2x?) b2V/1-c2x2 ArcSin[cx] bx*V1-c?x? (a+bArcSinfcx]) x3 (a+bAr‘cSin[cx])2
N _

+ —

4c*d/d-c?dx? 4c>d/d-c?dx? 2c3dd-c?dx? c2d~/d-c?dx?
iv1-c2x? <a+bAr‘cSin[cx})2 3xVd-c2dx? <a+bAr‘cSin[cx})2 1-c2x? (aerAr‘cSin[cx])3
+ - +
cSd~d-c2dx? 2ctd? 2bcSd/d- c2dx?

2bv1-c?x? (a+bArcSin[cx]) Log[1+e2 Arcsiniexl]  jp2+/1-c2x? Polylog|2, -e?iArcsinicx] ]

c>dvd-c?dx? c>dvd-c?dx?
Result (type 4, 424 leaves, 15 steps):
b2 x (1—c2 xz) b2+/1-c2x2 ArcSin[cx] bx?V1-c?x? (a+bAr‘cSin[c x}) x3 (a+bArcSin[c x])2
+

— + —

4c*dd-c?dx? 4c>dvd-c?dx? 2c3d/d-c?dx? c2d/d-c?2dx?
iV1i-c2x?* (a+bArcSin[cx])? 3x+Vd-c2dx® (a+bArcSin[cx])? +1-c2x?* (a+bArcSin[cx])’
+ - +
Sdd-cZdx? 2c*d? 2bcSd/d-c?dx?

2bv1-c2x? (a+bArcSin[cx]) Log[1+e? Aresiniexl]  jp2+/1-c?x? Polylog|2, -e?iAresinicx] ]
c®dvd-c?2dx? c®dvVd-c?2dx?
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Problem 247: Result optimal but 1 more steps used.

sz (a+bArcSin[cx] )2
dx

(d —czdxz)g/2
Optimal (type 4, 250 leaves, 7 steps):

x (a+bArcSin[cx])? iV1-c2x?* (a+bArcSin[cx])? +/1-c2x? (a+bArcSin[cx])?

+

c2d+d-c?dx? c3dvd-c?dx? 3bc3d/d-c2dx?
2b/1-c?x? (a+bArcSin[cx]) Log[1+e2 Aresinlex] ] j p2+/1-c?x2 Polylog|2, -e?iAresiniex]]
c3d/d-c2dx? c3d/d-c2dx?

Result (type 4, 250 leaves, 8 steps):
x(aerAr‘cSin[cx])2 iv1-c2x? <a+bAr‘cSin[cx])2 V1-c?x? (aerAr'cSin[cx})3

- +

c2d/d-c?2dx? c3d/d-c?2dx? 3bc3dA/d-c?2dx?
2bv1-c2x? (a+bArcSin[cx]) Log[1+e2iArcsiniexl]  jp2+/1-c?x? Polylog|2, -e?iArcsinicx] ]
c3dvd-c?dx? c3dvd-c?dx?

Problem 250: Result optimal but 1 more steps used.

(a+bArcSin[cx] )2
J dx

x (d-c2dx?)*?

Optimal (type 4, 467 leaves, 15 steps):

(aerAr‘cSin[cx])2 41b+1-c?x? (a+bAr‘cSin[cx])Ar‘cTan[eiA"CSi”[cx]} 2/1-c?x? (a+bAr‘cSin[cx})ZAr'cTanh[e“'"CSi”[”]]
+

dvd-c2dx? dvVd-c2dx? dvVd-c2dx®
2ib1-c2x? (a+bArcsin[cx]) Polylog[2, —etAresiniex] ] 2 p2 V1-czx? PolylLog[2, - i e!Aresinicx] |
NrErrra ) NrErrra )
21ib2+/1-c2x2 Polylog [2, i etAresinlex] ] 24 b V1-czx? (a+bArcSin[cx]) PolylLog [2, eiArcsiniex] ]
dVd-cZdx ' dVd-Tdx '
2b2~/1-c?x? Polylog[3, ~e'ArSinicxI]  2p21/1-c2x? Polylog[3, e'Arcsinicx]]
NFETTa ) dva-ctaxt

Result (type 4, 467 leaves, 16 steps):
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(a+bArcsin[cx])? 4ib~1-c?x® (a+bArcSin[cx]) ArcTan[eiAresinlexI]  2+/1-c2x? (a+bArcSin[cx])?ArcTanh[e!Aresiniex] ]
+

- +

dvVd-c2dx2 dVd-c2dx2 dVd-c2dx2
2ibv1-c2x® (a+bArcsin[cx]) Polylog[2, -e’Arcsinicx] | o 2i b2/1-c2x? Polylog|2, - i elArcsiniex]] .
dvd-c2dx? dvd-c2dx?
21b2+/1-c?x? Polylog [2, i eiAresinlex] ] 24 p V1-c2x? (a+bArcsin[cx]) Polylog[2, elArcsiniex] |
dd Zdxt _ dd - cZdxt _
2b2+/1-c2x2 Polylog (3, —elArcsiniex] ] ) p2 \/1-c2x? Polylog (3, etArcsiniex]]
aVa- T ) INCErrTa

Problem 252: Result optimal but 1 more steps used.

(a+bArcSin[cx])?
J dx

x3 (d—czdxz)g’/2

Optimal (type 4, 634 leaves, 26 steps):
bcvVi-c?x? (a+bArcSin[cx]) 3c? (a+bArcSin[cx] )2 (a+bArcsin[cx] )2 4ibc2V/1-c*x* (a+bArcSin[cx]) ArcTan | e!Arcsinicx] |

dxd-cTdx? T adVddde 2devd ddxd NFErrra )
3c2+/1-c2x? (a+bArcsin(c x])ZAr‘cTanh{e“"CSi”[cx]} b2 czmAr‘cTanh[m]
NrErrra ) NrEcrra )
3ibc2y/1-c2x?* (a+bArcSin[cx]) Polylog[2, —etAresiniexI] 2 b2 c2~/1-c2x? Polylog|2, —i e!Arcsinicx]]
NrEerra ) NrErrra )

21ib?c2/1-c?x? Polylog[2, i e'Arcsiniex] ] 35 bc2+/1-c2x? (a+bArcSin[cx]) Polylog|[2, eArcsinicx]]

dVa-cdx 7 dVa-dxE 7
3 b2 cszolyLog[B, -gthresinfex] ] 3p2 cszolyLog[B, el Arcsin(ex] ]

NFErrra ) NFErrra

Result (type 4, 634 leaves, 27 steps):
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bcvVi-c?x* (a+bArcSinfcx]) 3c? (a+bAr‘cSin[cx]>2 (a+bAr‘cSin[cx])2 41bc21-c2x? (a+bAr‘cSin[cx])Ar‘cTan[e“"CSi"[“]]

) dx\d- cZdxt C adaVdddd 2ded dde N EETTa )
3c2+/1-c2x2 (a+bArcsin[c x])ZArcTanh[e“rCSi“[cx]} i b2 c2/1-c2x? ArcTanh[V/1-c2x? | .
dvVd-c2dx® dvVd-c2dx®
3ibc2/1-c2x? (a+bArcsin[cx]) Polylog[2, —etAresinlex]| 2 b2 cszolyLog[Z, - i eiArcsinfex] |
NFEETTa ) NeErrra )

2ib>c2/1-c?x? Polylog[2, i e'Arcsiniex]] 35 bc2+/1-c2x2 (a+bArcsin[cx]) Polylog[2, elArcsiniex] ]

dVd-dxE 7 dVd-dxE 7
3 b2 cszolyLog[B, - elArcsinlex] | 3 p2 cszolyLog[S, el Arcsincx] |

aa-cax ) NcErrra

Problem 255: Result optimal but 1 more steps used.

jx“ (a+bArcSin[cx])?
dx

(d-c2dx?)®?

Optimal (type 4, 421 leaves, 16 steps):
b2 x b2+/1 - c2x2 ArcSin[c x] bx? (a+bArcSin[cx])
- - +

3c¢4d?2+/d-c2dx? 3c5d2+/d-c2dx? 3c3d2v/1-c2x% \/d-c2dx?

x3 <a+bAr‘cSin[cx])2 x(a+bAr‘cSin[cx})2 41+1-c2x? (aerAr'cSin[cx})2 1-c2x? (a+bAr‘cSin[cx])3

3cd(d-cdn)?? | aeVadde N T N T
8b\1-c2x* (a+bArcSin[cx]) Log[1+e?!Aresiniex]] 4ib2+/1-c*x? PolylLog[2, -e2Arcsinicx] |
3@ Vd-dx ) 3 @A
Result (type 4, 421 leaves, 17 steps):
b? x b2+/1-c2x2 ArcSin[cx] bx? (a+bArcSinfcx])

+

3ctd?\/d-c2dx® 3c5d2/d-c2dx? 3c3d2V1-c2x? \/d-c2dx?
x> (a+bArcSin[cx])? x (a+bArcSin[cx])? 41'1\/m(a+bAr‘cSin[cx])2 1-c2x? (a+bArcSin[cx])?

3c2d (d-c?dx?)?? C e@vaadded 3c5d2Vd-cZdx? ’ 3bc®d2/d-c2dx® 7
8bV1-c2x? (a+bArcSin[cx]) Log[1+ e Aresinicx] ] . 41ib?~/1-c?x? Polylog[2, -2 Aresinicx] |

3c¢5d2vd-c2dx? 3c¢5d2vd-c?dx?
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Problem 260: Result optimal but 1 more steps used.

(a+bArcsin[cx] )2
J dx

X (d—czdxz)S/2

Optimal (type 4, 577 leaves, 24 steps):

b2 bcx (a+bArcSinfcx]) (a+bAr‘cSin[cx})2 (aerAr‘cSin[cx])2
- + + +

3d2v/d-c?dx®  3d2V1-c2x2 Jd-cZdx?  3d(d-c2dx?)’? d2\/d-c?dx?
14ib1-c2x? (a+bArcSin[cx]) ArcTan|etAresinlex] ] 24/1-c2x? (a+bArcSin[c x])ZAr‘cTanh[e“'“CSi”[cx]}
3 d-cldxn NrECrTS )
2ibV1-c2x? (a+bArcSin[cx]) Polylog[2, ~elArSiniexI] 7 p2~/1-c?x? Polylog|[2, -i e!Arcsinicx] ]
@A cZdxd 7 32d-cdxt

7ib2V/1-c2x? Polylog|[2, i et ArSiniexl | 23b/1-c2x? (a+bArcsin[cx]) Polylog[2, eArcsiniex] ]
3d2+/d-c2dx® d2\/d-c2dx?

2b2mPolyLog[3, —eiA'“CSi”[CX]} 2b2mPolyLog[3, e“"CSi“[CX]]

+

d?>~d-c?2dx? d?>~d-c?dx?
Result (type 4, 577 leaves, 25 steps):

+

b2 bcx (a+bArcSinfcx]) <a+bAr‘cSin[cx})2 (aerAr‘cSin[cx])2
+ + +

3@ Vd A 3RVI-x Vd-dxd  3d(d-c2dx?)??  @d-cdx
14ib/1-c2x? (a+bArcSin[cx]) ArcTan [@iArcsinfex] ] V1-e2x? (a+bArcSin[cx] )ZAr‘cTanh [ @1 Arcsiniex] |
3@ d-cldn NrECrTa '
2ib1-c2x? (a+bArcsin[cx]) Polylog[2, —eiAresiniex]] 7 p2 V1-czx? PolylLog[2, - i e!Aresiniex] |
@A cZdxE 7 32d-Zdx?

71ib2+/1-c2x? PolylLog [2, i eiAresinlex]] 24 b V1-e2x? (a+bArcsinfcx]) PolylLog[2, elArcsinicx] |
3d2+/d-c2dx® d2\/d-c2dx?

2b2~/1-c?x? Polylog[3, ~e'ArSinicxI]  2p21/1-c2x? Polylog[3, e'Arcsinicx]]

+

d?+/d-c?dx? d?+/d-c?dx?

+
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Problem 262: Result optimal but 1 more steps used.

dx

J(a+bAr‘cSin[c x] )2

x3 (d—czdxz)s/2

Optimal (type 4, 752 leaves, 38 steps):

b2 c2 bc (a+bArcSin[cx]) 2bc*x (a+bArcSin(cx]) 5c2 (a+bArcSin[cx])?
3d2\/m_d2xx/1—c2x2 Vd-c2dx? +3d2\/1—c2x2 Vd-c2dx? ’ 6d (d-c2dx?)*? _
(a+bArcsin[cx])? 5c? (a+bArcSin[cx])? 26ibc2\/1-c2x? (a+bArcSin[cx]) ArcTan|etArcsiniex] |
2dx2<d—c2dx2)3/2+ 2d2d-c2dx? ) 3d2+/d-c2dx? 7
5c2+/1-c2x2 (a+bArcsin(c x])2Ar'cTanh[<e“r°51”[”]} i b2 c2/1-c2x? ArcTanh[V/1-c2x? | X
d2\/d-c2dx? d2\/d-c2dx?
5ibc2/1-c2x2 (a+bArcSin[cx]) Polylog[2, —eAresinlexl | 13§ p2 czmpolyLog[z, -1 etArcsinfex] |
N Er-rra _ N +
131 b2c2V/1-c2x? Polylog|2, i elAresinicxl ] 5ipc2/1-c2x? (a+bArcsin[cx]) Polylog[2, eArcsiniex] ]
3d2d-cdx? 7 @A cZdxE 7
5b%c2+/1-c2x? PolylLog[3, —etAresiniexl ] 5p2c24/1-c2x? PolylLog|3, e'Aresinicx]]
@ a- ) @ a-

Result (type 4, 752 leaves, 39 steps):
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b2 2 bc (a+bArcSin[cx]) 2bc3x (a+bArcSin[cx]) 5c? (a+bArcSin(c x])2
3d2\/m_d2xx/1—c2x2 Vd-c2dx? +3d2\/1—c2x2 Vd-c2dx? + 6d (d-c2dx?)>? _
(a+bArcsin[cx])? 5c? (a+bArcSin[cx])? 26ibc2\/1-c2x? (a+bArcSin[cx]) ArcTan|etArcsiniex] ]
20% (d-c2dx?)*? @i cdd 3¢ d-cTdx )
5c2+/1-c2x2 (a+bArcsin[c x])ZArcTanh[e““Si"[cx]} i b2 c2/1-c2x? ArcTanh[V1-c2x? | .
d2\/d-c2dx? d2\/d-c2dx?
5ibc2/1-c2x2 (a+bArcsin[cx]) Polylog[2, -e!Arcsiniex] ] ) 13 i b? czmpolyLog[Z, -1 etArcsin(ex] ] .
d>Vd-c2dx® 3d2V/d-c2dx?
131 b2c2V1-c2x? Polylog[2, i elAresinicxl ] 5jipc2/1-c2x? (a+bArcsin[cx]) Polylog[2, eiAresiniex] ]
302 cdx? 7 @A cZdxE 7
5b%c2+/1-c2x? PolylLog[3, -etAresiniexl ] 5p2c24/1-c2x? PolylLog|3, e'Arcsinicx]]
NrEErTa ) @ a- A

Problem 272: Result optimal but 1 more steps used.
ArcSinf[ax]?
Optimal (type 3, 42leaves, 1step):
\/1-a2x? ArcSin[ax]3
3av/c-atcx?
Result (type 3, 42 leaves, 2steps):
\/1-a2x? ArcSin[ax]3
3aVc-aZcx?

dx

Problem 276: Unable to integrate problem.

Jxr" (d—czdxz)3 (a+bArcsinfcx] )Zdlx

Optimal (type 5, 1312leaves, 23 steps):
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2b2 c2d3 X3+m 30b2 c2 d3 X3+m 36b2 C2d3x3+m 12 b2 c2d3 X3+m
(3+m) <7+m>2+ (3+m)? (5+m) (7+m>2+ (3+m)% (5+m)2 (7 +m) ' (3+m) (5+m)2 (7+m) '

48 b2 C2d3 X3+m 10[’)2 c2 d3 X3+m 19[’)2 c4d3x5+m 4b2 C4d3 X5+m 12b2 C4d3 X5+m 2b2 C6d3 X7+m
(3+m)3 (5+m) (7+m) : (7 +m)? (15+8m+m2) ) (5+m)? <7+m>2_ (5+m) (7+m)2_ (5+m)3 (7 +m) : (7 +m)3 ;

36bcd®x*™1-c2x? (a+bArcSin[cx]) 48bcd®x*"v1-c*x* (a+bArcSin[cx])] 3@0bcd®x*"V1-c?>x? (a+bArcSin[cx])

(3+m) (5+m)2 (7+m) (3+m)% (5+m) (7+m) (7+m)2 (15+8m+m?)

10bcd®x®™ (1-c2x?)¥? (a+bArcSin[cx]) 12bcd®x*™ (1-c2x2)*? (a+bArcSin[cx]) 2bcd®x®™ (1-c2x?)”? (a+bArcSin[cx])

+

(5+m) (7+m)? (5+m)2 (7 +m) (7+m)?
48 d3 x1+m (a+bAr‘cSin[cx])2 24.d3 XM (1 - ¢ x?) (aerAr‘cSin[cx])2 6 d3 xim (1—c2x2)2 (a+bAr‘cSin[cx])2
+ + +
(5+4m) (7+m) (3+4m+m?) (7+m) (15+8m+m?) (5+m) (7+m)

& x1m (1-c2x2)? (a+bArcSin[cx])? 48bcd® x> (a+bArcsin[cx]) Hypergeometric2F1| >, &%, %, c?x?]

7+m (2+m) (3+m)? (5+m) (7+m)

30b cd®x2'™ (a+bArcSin[cx]) Hypergeometric2F1| i, 2;—'", 4?'", 2 x?|

(5+m) (7+m)? (6+5m+m2)

36 bcd®x*™ (a+bArcSin[cx] ) Hypergeometric2F1 [ i, 2;—“, 4?'", 2 x?]

(5+m)2 (7+m) (6+5m+m?)

96 b c d> x> (a+bArcSin[cx] ) Hypergeometric2F1| i, 2;—“, 4?'", c2 x?]

+

(5+m) (7+m) (6+11m+6m?+m?)

2 ~2 43 43+ : 3.m 3 m m m 2 2
30 b2 c? d* x**" HypergeometricPFQ| {1, >+ 2+2}, {2+2 +2}, c? x?]

-
N |1

+

<2+m> (3+m)2 (5+m) (7 +m)?

36 b2 c2 d3 X3 Hyper‘geometr‘icPFQ[{l, %Jr f, §+ f}, {2+ g, %Jr f}, c? x| )
(2+m) (3+m)2 (5+m)2 (7 +m)

48 b2 c2 d3 x3+m Hypepgeometr'icPFQ[{l, 3 + f: 2. m}, {2 *

2 2 +g}’czxz]

[SHIY

+

(2+m) (3+m)® (5+m) (7+m)
1,

m i+m} {2+m
2’ 2 2 ’

(3+m)2 (54m) (7+m) (2+3m+m?)

96 b? c? d3 x3*" HypergeometricPFQ [{ 3 +

N ju

+ f}, c? x?]

Result (type 8, 29 leaves, 0steps):
Unintegrable|x" (d-c?dx?) 3 (a+bArcsin[cx] )2, x|
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Problem 277: Unable to integrate problem.

Jx"' (d—czdxz)2 (a+bArcsin[cx] )2d1x

Optimal (type 5, 756 leaves, 13 steps):

6b2 CZ d2X3+m 2b2 CZ d2X3+m 8b2 c2d2 X3+m 2b2 C4d2X5+m
(3+m)? <5+m)2+ (3+m) sem? (3+m)® (5+m) o 5em3
6bcd2x2*mm(a+bAr‘cSin[cx]) 8bcd>x>™+/1-c?x* (a+bArcSin[cx])
(3+m) (5+m)?2 ) (3+m)2 (5+m) .
2bcd?x™ (1-c2x?)¥? (a+bArcSin[cx]) 8d?x¥™ (a+bArcSin[cx])? 4d*x¥" (1-c2x?) (a+bArcSin[cx])?
(5+m)?2 : (5+m) (3+4m+m?) ' 15+ 8m+m? :

g2 x1+m (1—c2 X2)2 (a+bAr\CSin[c x] )2 8 b c d? x?m (a+bAr‘cSin[c x]) Hyper‘geometr‘icZFl[%, 2;—"’, %", c? xz]

5+m (2+m) (3+m)? (5+m)

6bcd2x*" (a+bArcSin[cx]) Hypergeometric2Fi| i, 2;"‘ s 4;"‘ , ¢2x2]  16bcd?x*™ (a+bArcSin[cx]) Hypergeometric2F1| i, 2;"‘ s 4?"‘, 2 x?]
.

(5+m)2(6+5m+m2) (5+m) (6+11m+6m2+m3)

6 b2 c2 d? x3'™ HypergeometricPFQ[ {1, %+ f, %+ f}, {2+ %, §+ %}, 2 x?]

+

(2+m> (3+m)2 (5+m)?

2 ~2 42 3+ + 3,m 3 . m m 5. m
8 b2 c? d? x**™ HypergeometricPFQ| {1, >+ 2+2}, {2+2, 2+2}, 2 x?|

(2+m) (3+m)° (5+m)

16 b2 c? d2 x3*" HypergeometricPFQ[ {1, 3+ 3, §+ f}, {240, 240}, 2x?]
(3+m)2 (5+m) (2+3m+m2)

Result (type 8, 29leaves, 0steps):
Unintegrable[x" (d - c*dx?) 2 (a+bArcsin[cx])?, x|

Problem 278: Unable to integrate problem.

JX"‘ (d-c?dx?) (a+bArcSin[cx])®dx

Optimal (type 5, 371 leaves, 6 steps):
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2b2c2dx®" 2bcdx*"\/1-c2x? (a+bArcSin[cx]) 2dx¥" (a+bArcSin[cx])?

dx1m (1-c2x?) (a+bArcsin[cx])?

- + +

(3+m)2 3+4m+m? 3+m

<3+m)3

2bcdx®™ (a+bArcSin[cx]) Hypergeometric2Fi| i, | 4*7’", 2 x?|

2

4bcdx*™ (a+bArcSin[cx]) Hypergeometric2Fl| i,

(2+m) (3+m)2 6+11m+6m?+m

2b%c2dx3m Hyper‘geometr‘icPFQHl, 3+ ?, §+ g}, {2+ f, §+ f}, c? x?|

+

(2+m) 3+m)3

—

4 b2 c2dx3m Hyper‘geometr‘icPFQHl, % + f, % + f}, c? x|

(3+m>2 <2+3m+m2>
Result (type 8, 27 leaves, 0steps):
Unintegrable [x" (d - c*dx*) (a+bArcSin[cx] )2, x|
Problem 282: Result valid but suboptimal antiderivative.
jx"‘ (d-c2dx?)*? (a+bArcSin[cx])? dx
Optimal (type 8, 957 leaves, 12 steps):

10b2c2d2x3™/d-c2dx? 2b’c?d? (52+15m+m?) x> M /d-c2dx®  2b2c*d2x5"/d-c?dx?
N _

(6 +m)3

(4+m)3 (6+m) (4+m)2 (6+m)3

30bcd?x*™d-c?dx? (a+bArcSin[cx]) 10bcd?x*™+d-c?dx? (a+bArcSin[cx]) 2bcd*x*"Vd-c?dx? (a+bArcSin[cx])

+

(2+m)2(4+m) (6+m) V1-c2x? (6+m) (8+6m+m?) \/1-c?x? (12+8m+m?2) V1-

1@bc3d?x*"\/d-c?dx? (a+bArcSin[cx]) 4bc2d?x*"vd-c?dx? (a+bArcSinf[cx])

X

2

2bc®d*xoM+/d-c2dx? (a+bArcSinf[cx])

+

(6+m)2+/1-c?

N -
(4+m)2 (6+m) V1-c?x?

(4+m) (6+m) \/1-c?x?
15 d? x¥*m+/d - c? d x? (aerAr'cSin[cx})2 5d xm (d—czdx2>3/2 <a+bAr‘cSin[cx])2

XM (d - c? dx2>5/2 (a+bArcsin[cx] )2

+ +

(4+m) (6+m) 6+m

(6+m) (8+6m+m?)

30 b2 c2d2x>™~/d - c2d x? Hypergeometric2F1| i, 3?'", S*T'", c2 x?]

10b2c2d? (18 +3m) x**™~/d - c2d x? Hypergeometric2Fi| i,

.
(2+m)2 (3+4m) (4+m) (6+m) V1-c*x? (2+m) (3+m) (4+m)3 (6+m) V1-c

5+m
2

2b%c?d? (264 +130m+15m?) x>*"~/d - c2d x2 Hypergeometric2F1| i, 3*T'", c2 x?|

\/d-c?dx?

15 d* Unintegrable | X" (asbArcsinfcx])?

x|

+

(6+m) (8+6m+m?)

(2+4m) (3+m) (4+m)2 (6+m)31-c?x?

Result (type 8, 31 leaves, 0steps):
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5/2

Unintegrable[x" (d - c2dx?)*'* (a+bArcSin[cx])?, x|

Problem 283: Result valid but suboptimal antiderivative.
Jx"' (d—czdxz)s‘/2 (a+bArcsin[c x})zdlx

Optimal (type 8, 499 leaves, 7 steps):
2b2c2dx3™/d-c2dx? 6bcdx*"Vd-c?dx® (a+bArcSin[cx]) 2bcdx*"+d-c?dx* (a+bArcSin[cx])

- - +

(4+m? (2+m)? (4+m) V1-c2x* (8+6m+m?) V1-c?x?
2bc3dx4+mm(a+bAr‘cSin[cx]) +3dx1*mm(a+bAr‘cSin[cx1)2+
(4+m2/1-c2x* 8+6m+m?
XM (d -2 dx?)*? (a+bArcsin[cx] )2 ) 6b2c2dx>"/d-c?dx? Hypergeometric2F1[l, =0, 20, 22| )
4+m (2+m)2(3+m) (4+m)m

3d? Unintegrable[&mw, x}
\/ d-c2dx?
+
(2+m) (3+m) (4+m)31-c2x? 8+ 6m+m

2b%c2d (10+3m) x**"/d - c2d x? Hypergeometric2F1| i, 3;"‘ , 5;'" , €2 x2|

Result (type 8, 31 leaves, 0steps):

2

Unintegrable|x" (d,cde2)3/2 (a+bArcsinfcx])?, x|

Problem 284: Result valid but suboptimal antiderivative.
JX’“«/d—czdx2 (a+bArcsinc x])zdlx

Optimal (type 8, 203 leaves, 3 steps):
2bcx®™\d-c?dx* (a+bArcSin[cx]) x¥"+vd-c?dx? (a+bArcSin[cx] )2

- + +
(2+m)?/1-c2x? 2+m

) . le[ X" (a+bArcsinfcx )2
2b%c?x>"+/d - c>dx® Hypergeometric2F1| >, S 2 2] dUnintegrable| eyl x]

+

<2+m>2(3+m)\/1—c2x2 2+m

Result (type 8, 31 leaves, 0steps):

Unintegrable [x"+/d-c?dx® (a+bArcSin[cx])?, x|
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Problem 298: Result optimal but 1 more steps used.
JAr‘cSin [ax]3 dx
Ve-alex®

Optimal (type 3, 42leaves, 1 step):
\/1-a2x? ArcSin[ax]*

4a/c-alcx®
Result (type 3, 42 leaves, 2steps):
\/1-a2x? ArcSin[ax]*

4aJc-alcx®

Problem 383: Result valid but suboptimal antiderivative.

xV1-c?x?
j dx
(a+bArcsinfcx] )2

Optimal (type 4, 150 leaves, 14 steps):

) x (1-c2x?) +Cos[§] CosIntegral[%M} +
bC<a+bAr'cSin[cx1> 4b2 2
3Cos[3?a} CosIntegr‘al[ﬂ%ﬂu] ) Sin|[ 2] SinIntegr‘al[%ﬁL} ) 3sin[3f} SinIntegral[ﬂ%ﬂu]

4 b2 2 4 b? 2 4 b2 2

Result (type 4, 198 leaves, 14 steps):

X (1-c2x?) 3Cos[3] CosIntegr‘al[i+Ar‘cSin[c x] |

+

bc (a+bArcSin[cx]) 4 b2 c?

3 Cos[%a} CosIntegral[% +3ArcSin[cx] | Cos[i] CosIntegral| w}

N _
4b?¢? b2 c?
3Sin[ 2] SinIntegral| 2 +ArcSin[cx]| 3Sin[22] SinIntegral[2® +3ArcSin[cx]| Sin[2]SinIntegral|2Aresinlcxl]
b g b N b g b b g b
4b%c? 4 b2 c?

+
b2 c?
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Problem 444: Result optimal but 1 more steps used.
Arcsin[ax]
Optimal (type 3, 44 leaves, 1step):
2+/1-a2x? ArcSin[ax]3/2
3avc-a2cx?
Result (type 3, 44 leaves, 2steps):
2+/1-a%x? ArcSin[ax]3/2
3av/c-atcx®

dx

Problem 449: Result optimal but 1 more steps used.
JAr‘cSin[a x]3/2
Vec-a%cx?

dx

Optimal (type 3, 44 leaves, 1step):

2/1-a?x? ArcSin[ax]5/2
5av/c-alcx?

Result (type 3, 44 leaves, 2 steps):

2+/1-a?x? ArcSin[ax]5/2
5av/c-alcx?

Problem 453: Result optimal but 1 more steps used.
JArcSin[a x]°/2
Vec-atcx?

Optimal (type 3, 44 leaves, 1 step):
2+1-a?x? ArcSin[ax]7/?
7avc-aZcx?

Result (type 3, 44 leaves, 2steps):

dx
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2+ 1-a2x? ArcSin[ax]7/?
7avc-a?cx?

Problem 457: Result optimal but 1 more steps used.
Ar‘cSin[i]
J T
Val-x2
Optimal (type 3, 42leaves, 1step):
2a [1- :—i Ar‘cSin[i]g’/2
3+/a%-x?
Result (type 3, 42 leaves, 2 steps):

2a [1-% Arcsin[X]??
a a

3+ a? - x?

Problem 462: Result optimal but 1 more steps used.
Ar~cSin[§}3/2
— dXx

Optimal (type 3, 42leaves, 1step):

2a [1- ;% Ar‘cSin[f]S/2
5vVal-x2
Result (type 3, 42 leaves, 2steps):

2a ll—% Ar‘cSin[X]S/2
a a

5+/aZ - x?
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Problem 465: Result optimal but 1 more steps used.

5/2

(c -alc xz)
J— dx
\/ArcSin[a x]

Optimal (type 4, 244 leaves, 9steps):
3c¢2_ [Z +/c-a?cx? FresnelC[2 |2 A/ArcSin[ax
5c2+/c-aZcx? v/ArcSin[a x] \/j [ \ T (2] ]
.
8a+1-a2x? 16a+/1-a%x?

+

2[5 Ve-a’cx® Fresnelc[2 |2 VArcSin[ax] | 152/ +/c-aZcx? Fr‘esnelc[hwcji@]
+
32av1-a?x? 32a+V1-a%x?
Result (type 4, 244 leaves, 10 steps):
3c2 [T +/c-a2cx? FresnelC[2 |2 ~/ArcSin[ax]
5c2+/c-a2cx? V/ArcSin[ax] 2 [ u ]
N
8av1-aZx? 16a+V/1-a%x?

+

2. [7 Vec-a?cx® FresnelC|2 /i VArcsin[ax] |  q5c24/7 VeoaZoxd Fr‘esnelc[@]
+

T

32aV1-a%x? 32aV1-a%x?

Problem 466: Result optimal but 1 more steps used.

j (c-a?cx?)??
v/ ArcSin[a x]
Optimal (type 4, 170leaves, 7 steps):

dx

7T _ 32 2 2 ; i
c. /7 Ve-a’cx FresnelC|2 /n VArcsin[ax] | /7 /e alcxd Fr‘esnelc[zle"ji'[ax] ]

3cVc-a2cx? V/ArcSin[ax]
+ +
4a+1-a%x? 8a\1-a2x? 2a+/1-a2x?
Result (type 4, 170leaves, 8 steps):
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c [EZ VJc-a2cx® FresnelC[2 |2 ~/ArcSin[ax] Je_a2cx? 2/ Arcsin[ax]
3¢y aZcx® ArcSin[ax] v 2 [ N - ] c\r c-a2cx? FresnelC| - ]
+ +
4a+1-a%x? 8a/1-a2x? 2a+/1-a2x?

Problem 467: Result optimal but 1 more steps used.
J Ve-a%cx?
\/ArcSin[ax]

dx

Optimal (type 4, 99 leaves, 5steps):
v c-a2cx? v/ArcSin[a x] +\/? c-a?cx? FresnelC| Nes ]

aVv1-a?x? 2a/1-a?x?

Result (type 4, 99 leaves, 6 steps):

. Vi Ve _alcd 2+[Arcsin(ax]
v c-a2cx? v/ArcSin[a x] . m Ve-a’cx® FresnelC| Nes ]

aVv1-a?x? 2av1-a?x?

Problem 468: Result optimal but 1 more steps used.

[— ix

a2cx? /ArcSin[a x]

Optimal (type 3, 42leaves, 1step):

2+v1-a2x2 ~/ArcSin[a x]
avc-atcx?
Result (type 3, 42 leaves, 2steps):

2+/1-a2x2 +/ArcSin[ax]

avc-atcx?

Problem 474: Result optimal but 1 more steps used.

1

dx
J\/ c-a%cx? ArcSin[ax]3/?
Optimal (type 3, 42leaves, 1step):
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2+1-a?x?

avc-a2cx? +/ArcSin[ax]

Result (type 3, 42 leaves, 2 steps):
2v1-a2x?

avc-a2cx® ArcSin[ax]

Problem 479: Result optimal but 1 more steps used.

1
dx
J\/ c-a%cx? ArcSin[ax]®/?
Optimal (type 3, 44 leaves, 1step):
2+/1-a%x?
3a+/c-a2cx? ArcSin[ax]3/?
Result (type 3, 44 leaves, 2 steps):
24/1-a?x?
3a+/c-a?cx? ArcSin[ax]3/?

Problem 482: Result optimal but 1 more steps used.
JXZ\/d—CZdXZ (a+bArcsin[cx])"dx

Optimal (type 4, 259 leaves, 6 steps):

4ia

V- (a+bArcsin[cx] ) §272 03 e v \/d-c2dx’ (a+bArcSinfcx])" (-J—Miﬁ aspAresinlex )’" Gamma[1+n, - i (abArcsiniexl) |
. .

8bc3(1+n)\/1—c2x2 c3V/1-c?x?
41a . . _ . .
1226+ &% A/d-c?2dx? (a+bAr‘cSin[cx})n (%M) nGamma[1+n, %M}
c3V1-c2x?

Result (type 4, 259 leaves, 7 steps):
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41ia
. + Loy + i . i +b ArcSi -n 41 +b ArcSi
Vd-c2dx2 (a+bAr\cSln[cx]>1n+]122<3n>(e v \Vd-c2dx? (aerAr‘cSm[cx])"(—]la "bl”cx ) Gamma[1 +n, - LERArAnlex]) rbc”‘cx ]

8bc3(1+n)\/17c2x2 c3V1-c2x?

41ia
. 42 . ; i -n ; i
72203+ ¢ A/d_ c2d x? (a+bArc51n[cx])” (11 (a+bAr‘chln cx]) ) Gamma[1+n, 4i (a+bAr‘|:51n cx]) }

c3V1-c2x?

Problem 483: Result optimal but 1 more steps used.
Jxﬂd—czdx2 (a+bArcsinfcx])"dx

Optimal (type 4, 391 leaves, 9 steps):

2 , b Amcsi n - aib Amesi
e » Vd-c2dx? (a+bArcSin[cx])" (—4—‘—]—)—1 abA'"CbSl” X ) Gamma[1+n, - HlasbAresinlex) abA'"CbSl” exl) ]

8c2+1-c?x?

ia . . . . i ,
ev Vd-c2dx?* (a+bArcSin[cx])" (—(—‘—U—l abA'"cbsm cx ) Gamma[1 + n, ‘{arAresinfexll abA“bSlncx ]

8c2/1-c2x?

3ia
I . . ; . . )
31Ne o A/d-c?2dx? (a+bAr‘c51n[c x})” (74—‘—]-)—1 a*bA"bSl” X ) nGamma[1+n, _ 30 abhAresincx a*bA"bcsm X }

8c2+1-c?x?

3ia
L i . . _ . .
3-1-n g% +/d- c2dx2 (a+bAr‘c51n[cx])"(l a+bAr‘cb51n cx ) ”Gamma[1+n) 31(a+bAr‘chln cx)}

8c2+1-c?x?

Result (type 4, 391 leaves, 10 steps):

ia

) ) - aeb Arcsi n b Arcsi
e v Vd-c2dx® (a+bArcSinfcx])" (——‘—LU—]l abA"bSl" £x ) Gamma[1 +n, - iAaroAreSinexl) abA"bSl” X1 ]

8c2\/1-c2x?

ia

ia ‘ . , n . .
e» Vd-c?dx? (a+bArcSin[cx])" (4—‘—”—1 a*bA"bSl” €x ) Gamma |1 +n, H2RATCSInlexil a*“’";sm ex1h]

8c2\/1-c2x?

3ia
—-1- - . 1 1 - . s
3-1-n "5 +/d_ c2d x? <a+bAr‘c51n[cxj)"(—“a+bAP?1n cx ) nGamma[1+n,731(a+bAr‘bc51n cx)}

8c2+v1-c?x?

3ia
~-1- 3 i i - i i
3-1-n g% A/d-c2dx? (a+bAr‘C51n[CX]>n(l(amAN;Sln cx)) nGamma[1+n, 31(a+bAr‘l;:51n cx)}

8c2+1-c?x?
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Problem 484: Result optimal but 1 more steps used.
J\/d—CZdXZ (a+bArcsinfcx])"dx

Optimal (type 4, 259 leaves, 6 steps):

2ia . s - . s
Vd-c2dx® (a+bArcSin[cx]) " i23"e v \/d-c2dx? (a+bArcSin[cx])" (—4—[—&]l a*bA"bSl” ex ) " Gamma[1+n, - 2i(asbArcsiniexl) a*bA':SI" x|

+
2bc (1+n) V1-c2x? cV1-c?x?
2ia ., . _ A .
i23"ew Vd-c?dx? (a+bArcSinfcx])" (J—I—LM a*bA'“CbSl“ eX ) nGamma[1+n, 2-iasbArcsin ex a*bA'"bCSl" x|
cV1-c?x?

Result (type 4, 259 leaves, 7 steps):

2ia . . _ . N
Vd-cZdx? (a+bArcSin[cx])H" i23"e s \/d-c2dx? (a+bArcSin[cx])" (——(—LL)—]l a*bA'"‘;S”‘ cx ) nGamma[1+n, _ 20 A bAresin e a*bA"bCSl” X1 ]

2bc(1+n)\/1—c2x2 cV1-c2x?

+

2ia
. . . . n . .
i23"ew Vd-c?dx? (a+bArcSinfcx])" (—(—LU—I a*“"f'l" €x ) Gamma[1 +n, 2*(@bAreSiniex]). a*bA"bCSI” exl]

cvV1-c?x?

Problem 485: Rubi result verified and simpler than optimal antiderivative.
J\/d—czdx2 (a+bArcsin[cx])"

X

dx

Optimal (type 8, 218 leaves, 6 steps):

i , . . n . .
de » V1-c2x? (a+bArcSin[cx])" (—J—I—U—l a*bA"f’l” X ) Gamma[1+n, - *@rbAresinfexl). a*bA”CbSl" x|

2+/d-c?dx?

ia
ia - . . n . .
dev V1-c2x? (a+bArcSinfcx])" (—(—‘—U—l a*bA"bSl” X ) Gamma[1 + n, 1{a:RAresinfexll a*bArfl” €x

+

(a+bArcSinfcx])"

+dUnintegrable|

2+d-c?dx? xVd-c?dx?

, X|

Result (type 8, 31 leaves, 0steps):
Vd-c2dx?* (a+bArcSin[cx])"

X

Unintegrable| » X]
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Problem 486: Result valid but suboptimal antiderivative.
J\/d—czdx2 (a+bArcsin[cx])"

2

dx
X

Optimal (type 8, 87 leaves, 3 steps):
cdvV1-c?x? <a+bAr‘cSin[cx])1*” (a+bArcsin[cx])"
- +dUnintegrable|

b<1+n>\/d7c2dx2 x2+/d-c?2dx?

> x|

Result (type 8, 31 leaves, 0steps):
Vd-c?dx* (a+bArcSin[cx])"

2

Unintegrable| » X]

X

Problem 487: Result optimal but 1 more steps used.

sz (d—czdxz)g'/2 (a+bArcsin[cx])"dx

Optimal (type 4, 684 leaves, 12 steps):

2ia )

dVd-cZdx? (a+bArcsinfcx])" i27"de v Vd-c?dx? (a+bArcSin[cx])" (——(—‘—U—i a*bA"bSi" ex )7nGamma[1+n, - 2ifasbArcsiniex]) a*bA”bCSi” x|
- +

16bc® (1+n) V1-c?x? c3V1-c2x?
2ia . . _ . .
i27"der Vd-c2dx? (a+bArcSin[cx])" (4—‘—”—1 a*bA"CbSl” ex ) " Gamma[1+n, 2i(acbArcsiniex]) a*bA"bcs”‘ exl) ]
.
c3V1-c?x?
4ia . . _ . .
i2°72nde o /d-c2dx? (a+bAr‘cSin[cx])” (_11 a+bAr‘chln cx)) ”Gamma[1+n, _411(a+bAr‘bc51n cx)]
A3V1-c2x?
4ia . . — . .
i272de s \/d-c2dx? (a+bArcSin[cx])" ({aArcsinlexi) ) Gamma[1 4 n, 4ilasbArcsiniex]) |
b b . 1
RN N ra
6ia i (a+bArcSinfcx])\™" 61 (a+bArcSin[cx]
i27 " 31 "de v 4/d-c?dx? (a+bAr‘cSin[cx])" (— < > Gamma[1+n, - ( )}—
b b

6ia
. ATl 1. sia X : ; -n Cas ;
127" 31ndes \/d-c2dx* (a+bArcSin[cx])" (—(—‘—U—l a*bA'"cbsm X ) Gamma[1+n, Si(@bArcsinfexl). abA'"bcsm exl) ]

c3/1-c?x?

Result (type 4, 684 leaves, 13 steps):
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ia )

2 . . — s
dvVd-c2dx? (a+bAr‘cSin[cx] >1+n i27"de v Vd-c2dx? (a+bAr‘cSin[c x] )” (—J—LLH a*bAPCbSl" £ ) nGamma[1+n, _ 21 (asbArcSinfex]) a*bAr‘bCSl" ex }
- +

16bc3(1+n)\/17c2x2 c3V1-c2x?

2ia
. _7_ —_— . i i - 1 i
i27"de v Vd-c2dx? (a+bArcSin[cx])" (—(—LU—H a*bA"bSl” ex ) " Gamma[1+n, 2i(asbArcsinfex]) a*b“":s”‘ exl) ]

c3V1-c?2x?

4ia
. _7_ -—— . i i - i i
i272nde o A/d_c2dx? (a+bAr‘c51n[cx])n(—l a+bAr‘<|:351n cx)) nGamma[1+n’74n(a+bAr‘t)cSln cx)]

+

c3V1-c2x?

4ia
R 4ia . i infcx]) | " j i
i272"de s \d-c2dx? (a+bAr‘c51n[cx1)”(]l a*bA"bSl" ex ) Gamma[1+n, *@roAresinfexl). a*bA'“bcsm exl) ] 1
N

c3V1-c2x? c3\V1-c2x?
i (a+bArcSin[cx]) J” 6i (a+bArcSinfcx])
b b

6ia

127" .31 "de v y/d-c?2dx? (a+bAr‘cSin[cx])“(

} ,

Gamma[1+n, -

6ia
. _7_ ~1- —_— . i i - il i
i2°7n 3-1nde +/d_c2dx? (a+bArcsln[cx])n(1(a+bAr‘chln cx ) nGamma[1+n, 611(a+bAr‘chln cx)]

c3V1-c?x?

Problem 488: Result optimal but 1 more steps used.

JX (d,cde2)3/2 (a+bArcSinfcx])"dx

Optimal (type 4, 595 leaves, 12 steps):
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_ia ) . . - . :
de » Vd-c?dx?* (a+bArcSin[cx])" (—J—LLL]l a*bA"bSl” ex ) " Gamma[1+n, - i(esbhrcsiniexl) a*bA'"‘bSl” exlL]

16 c2/1-c?x?

ia _ ‘ . g . .
dev Vd-c2dx? (a+bArcSin[cx])" (J—I—LH a*bA'"CbSl“ X ) " Gamma[1+n, ilasbArcSinfex]) a*bA”bSl” exlL]

16 c2+/1-c?x?
3ia

3"de » Vd-c?dx? (a+bArcSin[cx])" (——(—‘—U—i a*bA"bSi” X )7nGamma[1+n, ~ 34 (asblrcSinfex]) a*bA”bCSi” x|

32c2+/1-c?x?

3ia

3"de» Vd-c2dx?* (a+bArcSin[cx])" (J—LLH a*bA"CbSi” cx )m Gamma[1 + n, 2*-(@bATCSIniex]). a*bA'"bCSi” X1 ]

32c2+/1-c?x?

Sia
1 S . ; ; - . .
51 Nde v Vd-c2dx? (a+bAr‘c51n[c x])n (—J—LD—lL a*bA"cbsm = ) nGamma[1+n, o 2lesphresinex a*bA"bCSl" X ]

32c?2/1-c?x?

5ia
L X . . _ . .
5-1-nde s A/d- c2dx? (a+bAr'c51n[cx]>"(l a+bAr‘chln cx)) nGamma[1+n, 51(a+bAr‘bc51n cx)}

32c2+/1-c?x?

Result (type 4, 595 leaves, 13 steps):

ia
_is . . ; - s :
de » Vd-c?dx?* (a+bArcSin[cx])" (——(—‘—U—l @ bA"‘bsm = ) nGamma[1+n, — ilasbAresinlex]) bA"bSl” L]

16 c2 V1 - c?2 x?

1a . . N -n . .
dev V/d-c2dx? (a+bArcSinfcx])" (J—K—U—l a*bA"CbSl” €x ) Gamma [1 +n, H2RATCSInlexil a*bA"bSl” XL ]

16 c2 V1 - c2 x?

3ia
- E—— . 1 1 - . s
3"de » Vd-c?dx? (a+bArcSin[cx])" (—J—I—LH a*bAPCbSl“ X ) " Gamma[1+n, - 3i(asbArcsinicxl) a*b‘"‘bcsm cxl) ]

32c?2+/1-c?x?
3ia

3"de» Vd-c?dx® (a+bArcSin[cx])" (J—I—LLI'L a*bA'"fi” ex )7nGamma[1+n, 31 (a+bArcsinfex]) a*bATSi” exlh]

32c2+/1-c?x?

5ia
_1- -— . : : -n . .
51nde » d-c2dx? (a+bArcSin[cx])" (—J—I—U—l D AneSinlex ) Gamma 1+ n, - ilasbAresinie) |

32c2+1-c?x?

S5ia
_1- —_— . B s -n . .
5-1nde s /d-c?2dx? (a+bAr‘c51n[c x})“ (—(—LD—H a*“";sm £x ) Gamma[1+n, 51 (arbArcSin[ex]) a*bA"bcsm £x }

32c2+/1-c?x?
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Problem 489: Result optimal but 1 more steps used.

J(d—czdxz)”2 (a+bArcsinfcx])"dx

Optimal (type 4, 466 leaves, 9 steps):

2ia . A - 3
3dv/d-c2dx? (a+bAr‘cSin[cx})1+" i23N"de » \/d-c2dx? (a+bArcsinfcx])" (—J—LLH a*“”;“" £x ) nGamma[1+n, _ 20 ia-bAresincx a*bA"bCSl" x|

- +
8bc (1+n) Vi-c2x? cV1-c2x?
i237de s Vd-c2dxZ (a+bArcSin[cx])" (—(—Lu—j a*bA"bSi” X )m Gamma[1 + n, 2i-(2bATCSIniex]). a*b“r:s‘i” x|
ci-ax *
i 272 (3+n) defm%am (a+bAr‘cSin[c x])n (—J—LLH a*bA"bSi“ cx )7n Gamma[1+n, _ 41 (asbArcsinfex]) a*bA'“:Si” £x ]
N
cV1-c?x?
i 272 (3 de$m (a+bArcsinfcx])" (J—LLH a*bA"CbSi” cx )m Gamma [1 +n, *@rbAresinfexl). a*bA'“bCSi” x|
cV1-c2x?
Result (type 4, 466 leaves, 10 steps):
3d/d_c2dx? (a+bArcsin(c X1>1+n ]'12*3*”de'2i_am (a+bArcsin[cx])" (74—[—“—1 a*bA"CbSi” €x )7nGamma[1+n, _ 21 (arbArcSinfex]) a*bA"bCSi” X1 )

8bc(1+n>\/1—c2x2 cV1-c?x?

2ia
. . . : . . :
i23"de v Vd-c2dx? (a+bArcSin[cx])" (—‘—LU—E a*bA“bSl” ex ) Gamma[1 + n, 2i-(2bATCSIniex]). a*bA"bcsm exl) ]

cV1-c?x?
4ia . N _ . N
122630 de 5 A/d-c2dx? (a+bAr‘cSin[cx])” (7 i (a+bAr‘(;51n cx]) ) “Gamma[1+n, 4 (a+bAr‘chln cx]) ]
cV1-c?x?

41ia
oo 4ia . ; i -n i ;
12723 des /d-c2dx? (a+bAr‘c51n[c x] )” (4—[—LL]l a*bA'“CbSl“ £x ) Gamma[1+n, 41 (arbArcsinfexl) a*bA"bcsm £X }

cV1-c?x?

+

Problem 490: Rubi result verified and simpler than optimal antiderivative.

(d-c2dx?)*? (a+bArcSin[cx])"
j dx

X

Optimal (type 8, 426 leaves, 15 steps):
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ia

_is ) . . - . .
5d2e » V1-c2x? (a+bArcSin[cx])" (—J—LLM a*bA"bSl” X ) " Gamma[1+n, - i(esbArcsinicxl) a*bA"bSl” exlL]

+

8d-c?dx?
5d2es V1-c2x2 (a+bArcsinfcx])" (J—LLH a*bA"iSi“ ex )7n Gamma |1 + n, ila:bArcsinfexi) a*bA"bSi” XL
N
8+d-c?2dx?
3ia ) . _ . .
31-nd2 o % /1 2 x2 (a+bAr‘cSin[cx])” (_ i a+bAr‘A;Sln cx )) nGamma[1+n, R (a+b/—\r*b::51n cx]) ]
N
8+d-c?2dx?
3ia . N . . s
3 1nd2 e /1 - 2 x2 (a+bAr‘cSin[cx} >n (11 a+bAr~ch:Ln[cx])) nGamma[1+n, 3i (a+bAr'chln cx]) (a+bAr‘cSin[cx])”
+d? Unintegrable | , X|
8Vd-c?dx? x\/d-c?dx?

Result (type 8, 31 leaves, 0steps):

(d-c2dx?)*? (a+bArcSin[cx])"

Unintegrable| > X

X

Problem 491: Rubi result verified and simpler than optimal antiderivative.

dx

J(d—czdxz)z’/2 (a+bArcSin[cx])"
2

X

Optimal (type 8, 297 leaves, 9 steps):

2ia
. N . A3 =2 . i (a+b ArcSi -n 2 +b ArcSi
73cdzﬁ/1_czxz (a+bArc51n[cx])1"+123nCd2‘e b V1-c?x? <a+bArc51n[cx})”(71"" "cbl”“‘ ) Gamma[1+n, - 22 "bcm“‘ }7

2b (1+n) Vd-c?dx? \d-c?2dx?
2ia . . _ . N
i23"cd?e s V1-c2x? (a+bArcSin[cx])" (MM%‘C—XU—) nGamma[lJrn, %M (a+bArcsin[cx])"
+d? Unintegrable| » X]
Jd-c2dx2 x2+/d-c?2dx?

Result (type 8, 31 leaves, 0steps):

(d-c2dx?)*? (a+bArcSin[cx])"

Unintegrable| . » X]
X

Problem 492: Result optimal but 1 more steps used.

sz (d—czdxz)S/2 (a+bArcsin[cx])"dx

Optimal (type 4, 906 leaves, 15 steps):
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2ia . . _ . .
5d2+/d-c2dx? (a+bArcsin[cx] )" 127 "0d2e v A/d-c2dx? (a+bArcsinfcx])" (74—@1 a+bA"bSl" ex ) nGamma[lJrn; ~ 21 (asbArcSinex]). a+bArbcsm exlL]

128bc? (1+n) V1-c*x? c3/1-c2x?
2ia . . _ . .
127 "d2e b Jd-c2dx? (a+bAr‘cSin[c x])n (4—[—”—“ a*bA“;Sl" ex ) nGamma[1+n, 214 (arbArcSinfcx]) a*b”bcsm cx ]
c3V1-c?x?
41a

o _4ia . i i -n i i
§2°2(40) 42 o" %5 +/d - c2d x? (a+bAr‘c51n[cx])” (7 i (a+b/—\r‘251n cx )) Gamma[1+n, 4 (a+bArch:Ln cx )]

+

+

A3V1-c2x?
4ia
PR —_— . i i -n i i
722040 42 0% /d_-c2dx? <a+bAI"C51n[CX]>n(liamAr‘ZSln cx)) Gamma{1+n, 4n(a+b/—\r‘:51n cx)] 1
4
c3V1-c?x? c3V1-c?x?

i (a+bArcSinfcx]) ™" 6i (a+bArcSin[cx])

b b

Gamma[1+n, -

} .

6ia
127" 31 Md2e s /d-c?dx? (a+bAr‘cSin[cx])"[

6ia
. _7_ ~1- —_— . 1 i - 1 i
1270 31§42 6 +/d_ c2dx2 (a+bAr‘c51n[cx])"(]‘ a+bAr‘chln cx ) nGamma[1+n, 61(a+bAr‘chln cx }

.
c3V1-c?x?

ia

8
. 11 -—— . i i - ; i
i2-11-3n 42 o5 ~/d _ c2d x2 (a+bAr‘c51n[cx])n(—ﬂ a+bAr‘chln cx)) nGamma[1+n’_81(a+bAr‘;Sln cx)]
c3V1-c?2x?
8ia
o q1- Bl . i (a+ - -n j y
i27113nd2e v \/d-c?dx? (a+bArcSin[cx])" (—(—‘—U—l a:bAresin(cx ) Gamma[1 + n, 8i(abArcsiniex]) |

b b
c3V/1-c?x?

Result (type 4, 906 leaves, 16 steps):
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2ia . . _ . .
5d2+/d-c2dx? (a+bArcsin[cx] )" 127 "d2e v A/d-c2dx? (a+bArcsinfcx])" (74—@1 a+bA"bSl" £x ) nGamma[lJrn; ~ 21 (asbArcSinfex]). a+bArbcsm exlL]

- +
128bc? (1+n) V1-c*x? c3V/1-c2x?
2ia . . _ N .
127 7d2e s Jd-c2dx? (a+bArcSin[cx])" (4—‘—”—“ a*bA“;SI" €x ) nGamma[1+n, 214 (arbArcSinfcx]) a*b”bcsm XL ]

+

c3V1-c?x?
41a

o _tia . i i -n i i
§2-2(40) 42 "% +/d - c2d x? (a+bAr‘c51n[cx])” (7 i (a+b/—\r‘<;.351n cx )) Gamma[1+n, 4 (a+bAr‘ch:Ln cx )]

c3\/1-c?x?

4ia

' ., —_— . i i -n i i
122040 42 6% /d - c2dx? (a+bAr'c51n[cx])" (11 (a+bAr‘z;Sln cx )) Gamma{1+n, 41 (a+b/—\r‘:51n cx )] 1
+
c3V1-c?x? c3V1-c?x?

i (a+bArcSinfcx])

b

-n 6i (a+bArcSinfcx])
Gamma[1+n, - A

} _

6ia
12731 Md2e s /d-c?2dx? (a+bAr‘cSin[cx])"[

6ia
. _7_ ~1- —_— . 1 i - il i
1270 31§42 o +/d - c2d x2 (a+bAr‘c51n[cx])"(]‘ a+bAr‘cb51n cx ) nGamma[1+n, 61(a+bArchln cx ]

N
c3V1-c?x?

i

8ia
. 11 -—— . i i - i i
i2-11-3n 42 &% ~/d _ c2d x2 (a+bAr‘c51n[cx])n(—ﬂ a+b ArcSin cx)) nGamma[1+n,_81(a+bAr‘c51n cx)]

b b B
c3\V1-c2x?
8ia
s oa_11- — . i i -n i i
i27113nd2e v \/d-c?dx? (a+bArcSin[cx])" (—(—‘—U—l a*bA"bSl” € ) Gamma[1+n, 8 (@bAresinfexl). a*bA'“bCSI“ ex) ]
c3V1-c?x?

Problem 493: Result optimal but 1 more steps used.

Jx (d—czdxz)‘r’/2 (a+bArcsinfcx])"dx

Optimal (type 4, 815leaves, 15 steps):
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i

5d2e » Vd-c?dx? (a+bArcSin[cx])" (—J—LLH a*bA"CbSi" ex )7nGamma[1+n, _ iiasbArcsinex]] a*bAPC;‘i" x|

128 c?2/1-c? x?

ia

5d2ev \/d-c2dx? (a+bArcSin[cx])" (J—LLH a*bArZSi“ = )m Gamma |1 + n, *lasbAresinfexiy a*bA'"CbSi” x|

128 c2+/1-c?x?
3ia

_ - . i i - i i
31N g2 "% +/d - c2d x? <a+bAr‘C51n[CX]>n(—l(a+bAr‘ZSIn cx )“Gamma[1+n,_31(a+bAr‘chln cx)}

128 c2+/1-c2x?

3ia
) . . . . ‘ .
3Md?e s Vd-c?dx* (a+bArcSin[cx])" (J—LU—I a*bArf’l“ = ) Gamma [1 + n, 2i-(@bATCSIniex]). a*bA'"bCSl” ex ]

128 c2/1-c?2x?

5ia
— - . 1 i - 1 i
5Nd2e 5 +/d-c2dx? (aerAr‘cSln[CX])n(711(a+bAr‘chln cx)) ”Gamma[1+n’751(a+bAr‘chln cx)]

128 c2\/1-c?x?

Sia
— . 1 i - i i
5Nd2 e 5 +/d-c2dx2 (a+bAr'c51n[cx}>” (11 a+bAr‘<;Sln cx)) nGamma[1+n, 51(a+bAr‘chln cx)}

128 c2/1-c?x?

7ia . . _ . .
71 q2 "% A/d - c2dx2 (a+bAr‘cSin[cx])” (_11 a+bAr'chln cx )) nGamma[1+n, 74 (a+bAr‘bc51n cx )]

128 c2 /1 - c? x?

7ia
L . o . T o ,
7tnd2es \d-c2dx? <a+bAr‘c51n[cx})"(—(—LU—]l abA"bSl" ex ) Gamma [1 + n, ZA-(@bATCSInLex]). abArbCS”‘” ]

128 c2\/1-c2x?

Result (type 4, 815leaves, 16 steps):
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i

5d2e » Vd-c2dx? (a+bArcSin[cx])" (—J—LLH a*bA"CbSi" ex )m Gamma 1+ n, - *aroAreSinlexly a*bA"chi" x|

128 c2/1-c? x?

5d2e» Vd-c?dx? (a+bArcSin[cx])" (J—LLH a*bArfi“ X )m Gamma |1 + n, ‘lasbArcsinfexly a*bA'"CbSi“ x|

128 c2+/1-c?x?
3ia .

_ - . i i - i
31N g2 o™ % +/d - c2d x? <a+bAI"C51n[CX]>n(—l(mbAr‘cbsm cx )“Gamma[1+n,_31(a+bAr‘chln cx)}

128 c2+/1-c2x?

3ia
B LELS . ; i -n , ;
31nd2e v \/d-c?dx? (a+bArcSin[cx])" (J—LU—I a*bA“bSl“ €x ) Gamma[1 + n, 2i-(@bAresiniex]). a+bA'"bCSI” X1 ]

128 c2v1-c2x?

5ia
— - . i i - 1 i
5Nd2e 5 +/d-c2dx? (a+bArcsln[CX])n(7n(a+bAr‘chln cx)) ”Gamma[1+n,751(a+bAr‘chln cx)]

128 c2\/1-c?x?

Sia
— . 1 i - i i
5Nd2 e 5 +/d- c2dx2 (a+bAr'c51n[cx}>" (11 a+bAr‘<;Sln cx)) nGamma[1+n, 51(a+bAr‘chln cx)}

128 c2/1-c?x?

7ia ., . _ .
71042 e 5 +/d - c2dx2 (a+bAr‘cSin[cx])” (_11 a+bAr'chln cx )) nGamma[1+n, 74 (a+bAr‘bc51n cx )]

128 c2 /1 - c? x?

7ia
L . . . n s ,
71nd2es \d-c2dx? <a+bAr‘c51n[ch)"(—(—LU—]l abA"bSl" ex ) Gamma[1 + n, ZA(ebATCSInLex]). abA"bcsm ex11]

128 c2/1-c2x?

Problem 494: Result optimal but 1 more steps used.

J(dfczdxz)S/2 (a+bArcsinfcx])"dx

Optimal (type 4, 698 leaves, 12 steps):
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2ia . . _ . s
5d2+/d-c2dx (a+bAr~cSin[cx})1*” 15127 "d2 ¢ 5 /d_c2dx2 (a+bArcSin[cx])” (7%@) "Gamma[1+n, 7%&}

b b
16bc (1+n) Vi-c2x? 7 cVi-c2x? )
15i27 " d e Vd-2dxd (a+bArcsinfcx])" (—(—[—U—j a*bA"bSi” ex )m Gamma[1 + n, 2i-(2bATCSIniex]). a*bA"bCSi" x|
V1-ax *
3i2720de 5 d-c2dx2 (a+bArcsinfcx])" (—J—I—LH a*bA'"chi” ex )7n Gamma[1 +n, - #i(a:bAresinfex]] a*bA'"bCSi“ x|
cV1-c?x? ’
3i2720d2e s Vd-c2dxd (a+bArcsinfcx])" (J—I—LH a*bA"bSi” X )7n Gamma[1 +n, *-(@oArinfexl). a*bA"bCSi” exl)] 1
cV1-c2x? _cm
P27 3 g2y [do c2d (a+bArcsinfcx])" [ ! (a+bAr‘;:Sin[cx]) 7nGamma[1+n, ot (a+bArl;cSin[cx}) |+
i270 31ng2e VAo cZdxE (a+bArcsinfcx])" (J—LLH a*bA'"chi“ X )7n Gamma[1 + n, Si{(abArcSinfex]). a*bA'"bCSi” xl) ]
cV1i-c2x?
Result (type 4, 698 leaves, 13 steps):
5d2+/d-c?dx? (a+bArcSin[cx] )" 15i2*7*”dze’%m(a+bAr‘cSin[cx])” (—%ﬂu—)’n@mma[l+n, —%ﬂu—]
- +

16bc (1+n) V1-2x2 cVi-c2x?
15527 d2e s Vd-c2dxE (a+bArcsin[cx])" (—(—Lu—j a*bA'"CbSi” X )m Gamma [1 +n, 2A(@bAresinfexl). a*bA"bCSi” xl) ]
cVi-c2x?
312720 d2e v Vd-cZdx? (a+bArcsinfcx])" (—J—I—U—i a*“'"CbSi” ex )m Gamma[1 + n, - #3{(a:bAresinfex]], a*bA’“bCSi” x|
cVi-c2x
3i2720q2e s Jd-2dx? (a+bArcsinfcx])" (J—I—D—i a*bAPCbSi" ex )7n Gamma |1+ n, *i{(abArSinfex]). a*bA'"b‘Si” exlL] 1
e Cevitax

sia i (a+bArcSinfcx]) ™" 61 (a+bArcSin[cx]
127" 31"d?e v y/d-c?dx® (a+bArcSin[cx])" [— ( ) Gamma[1+n, - ( )
b b

+

|+

6ia
. _7_ _1_ —_ . i 3 -n - i
277" 31nd2ew \/d-c?dx? (a+bArcSin[cx])" (J—I—U—]L a*““:” €x ) Gamma[1 + n, Si(@bATCSiniex]). a*bA’"bCSl” X1

cvV1-c?x?
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Problem 495: Rubi result verified and simpler than optimal antiderivative.

(d—czdxz)S/2 (a+bArcsin[cx])"
J dx

X
Optimal (type 8, 826 leaves, 27 steps):

_ia . . . , . )
11d3 e o 1_c2x2 <a+bAr‘c51n[cx])" (_ i (a+bArcSin[cx ) “Gamma[1+n, _ i (a+bArcSin[cx )}

b b
+
16+d-c?dx?
11d*ev V1-c2x? (a+bArcSin[cx])" (—(—‘—U—j a*bA"‘bSi” ex )_n Gamma[1 + n, 1{arRAresinfexll a*“"f'i" xl) ]
16 d-c2dx?
3ia . . _ . N
5 31 nd3 e % /1 c2x2 (a+bAI"CSin[CX} >n (7 i (a+bAr‘chln cx]) ) nGamma[lJrn, ER! (a+bAr~t;:51n cx]) }

+

32+/d-c?2dx?

3ia
_ S . i i -n ; i
3"d*e » V1-c2x? (a+bArcSin[cx])" (74—@“ 2:bAresin cx ) Gamma |1 +n, - 3i{asbArcsiniex]) |

b b B
8Vd-c2dx®
5 31ngie s 1-c2x2 (a+bArcsinfcx])" (J—I—LH a*bA”;Si“ ex )m Gamma |1+ n, 2A(@oAresinfexl). a*bArbCSi” x|
N
32V/d-c2dx>
3nde s VI-cx? (a+bArcsinfcx])" (J—Lu—j a*bA"zSi“ € )_n Gamma[1 +n, 2(2bAresinfexl). a*bAPbCSi" X1 ]
N
8/d-c2dx?
5indie v V1o c2xE (a+bArcSin[cx])" (74—LU—]'l a*bA’";Si” ex )7n Gamma |1+ n, - >1{a:RAresinfex]). a*bA’";Si“ xl) ]
N

32+/d-c?2dx?

5ia
1 22 . i i -n ; i
51ndew /1-c2x? (a+bArcSin[cx])" (J—LLH a:bAresin cx ) Gamma |1 + n, >i(@bArcsinfexl)

b b (a+bArcsinfcx] )"

+d® Unintegrable |

32+/d-c?dx? xVd-c?dx?

» x|

Result (type 8, 31 leaves, 0steps):
(d-c2dx?)*? (a+bArcSin[cx])"

Unintegrable| » X]

X
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Problem 496: Rubi result verified and simpler than optimal antiderivative.

dx

J<d—c2dx2)5/2 (a+bArcsin[cx])"
2

X
Optimal (type 8, 501 leaves, 18 steps):

2ia
X . L ol2- - : i (a+bArcSinfcx]) | " 23 (a+bArcSinfcx])
_15cd3 1_c2x2 <a+bArc51n[cx])1"+lzandse v V1-c2x? (a+bArcSin[cx])" (—1 2 "bl" = ) Gamma[1+n, - 242 "bc tnlexd) ] i

8b (1+n)Vd-c?dx? \d-c?dx?
2ia . . — . N
i22"cd’e s V1-c2x? (a+bArcSinfcx])" (—(—‘—U—l a+bA'"°bsm X ) " Gamma |1+ n, 2i(ecbarcsinicxi) a*“'"bcsm X1
.
Vd-c?dx?
4ia . . _ . .
$2°26+ cd3 e v A/1-c2x2 (a+bAr'cSin[cx] )n (7 i (a+bAm;Sln[cx]) ) nGamma[1+n, 4 (a+bArt::Sln cx]) ]
\d-c?2dx?
4ia . . _ . .
i 2-2(3+n) Cd3 eT‘/l—CZ x2 <a+bAr‘cSin[cx])” (1 ga+bAr‘Zsln cX )) nGamma[lJrn, 41 (a+bAr‘chln cx]) (a+bAr‘cSin[ch >n
+d® Unintegrable |

> x|

vd-c?dx? x2/d-c?dx?
Result (type 8, 31 leaves, 0steps):

(d-c2dx?)*? (a+bArcSin[cx])"

Unintegrable| » X]

x2

Test results for the 474 problems in "5.1.5 Inverse sine functions.m"

Problem 229: Result valid but suboptimal antiderivative.

dx

J (ce+dex)?

<a+bAr‘cSin[c+dx])3

Optimal (type 4, 248 leaves, 18 steps):
e? (c+dx)?{[1- (c+dx)? e? (c+dx) 3e? (c+dx)> e? Cos|[ 2| CosIntegral[4;La*bA"°5i” crdx) |
_ . ) )

2bd (a+bArcSin[c+dx])? b>d (a+bArcSin[c+dx]) 2b?d (a+bArcSin[c+dx]) 8b3d

o |w

9e? Cos[%a] CosIntegrall? (a*bA"T"“*dx” ] ) e? Sin[i] SinIntegr‘al[%M] ) 9 e? Sin[%a] SinIntegrall? (a*bA'"CSbi““*dX” ]

8b3d 8b3d 8b3d
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Result (type 4, 306 leaves, 18 steps):

e2 (c+dx>2 1- (c+dx)2

e? (c+dx)

2bd (a+bAr‘cSin[c+dx})2

9e2Cos| 3] CosIntegral [ﬁ +ArcSinfc+dx] |

b>d (a+bArcSin[c+dx])

3 e2 (c+dx)3

2b?d (a+bArcSin[c+dx])

+

9e?Cos| 37] CosIntegral [ 22 1 3 ArcSin[c+dx] |

e? Cos | i] CosIntegral|

a+b ArcSinfc+d x
b

]

8b3d
9e? Sin[%] SinIntegral [ ﬁ +ArcSin[c +dx] ]

+

8b3d
9e? Sin[%a] SinIntegr‘al[%a +3ArcSin[c +d x] ]

+

b3d
e? Sln[ | sinIntegral]?®

a+b ArcSin[c+d x
b

]

8b3d

+

8b3d

Problem 338: Result optimal but 1 more steps used.

ArcSin[a + b x]

dx
Jc-c (a+bx)2

Optimal (type 3, 46 leaves, 2 steps):

1- (a+bx)2 ArcSin[a +bx]?2

2b+/c-c (a+bx)2

Result (type 3, 46 leaves, 3 steps):

1- (a+bx>2 ArcSin[a +bx]?2

2b+/c-c (a+bx>2

Problem 339: Result optimal but 1 more steps used.

ArcSin[a + b x]

dx

7

Optimal (type 3, 46 leaves, 2 steps):

—a2 c-2abcx-b2cx?

1- (a+bx>2 ArcSin[a +bx]?2

2b+/c-c (a+bx)2

Result (type 3, 46 leaves, 3 steps):

+

b3 d
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1- (a+bx)* ArcSin[a+bx]?

2b+/c-c (a+bx>2

Problem 470: Unable to integrate problem.

J X dx
ArcSin[Sin[x]]
Optimal (type 3, 27 leaves, ? steps):

ArcSin[Sin[x]] + Log[ArcSin[Sin[x]]] (—Ar‘csin [Sin[x]] + X/ Cos[x]? Sec [x])

Result (type 8, 9leaves, 0steps):

X

ArcSin[Sin[x]]

CannotIntegrate | » X]

Problem 474: Unable to integrate problem.

J V1-x? +xArcSin[x]
ArcSin[x] - x2 ArcSin[x]
Optimal (type 3, 16leaves, ? steps):

1 ) A
-~ Log[1-x?| + Log[ArcSin[x] ]
2

Result (type 8, 32leaves, 1 step):
V1-x? +xArcSin[x]

(1-x?) ArcSin[x]

Unintegrable| , X|

Test results for the 227 problems in "5.2.2 (d x)*m (a+b arccos(c x))*n.m

Problem 168: Result valid but suboptimal antiderivative.

2

J X dx
(a+bArcCos[cx])?

Optimal (type 4, 197 leaves, 16 steps):
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W2/1- 2 x2 X 353 CosIntegr‘al[m#b"sM] Sin|[ 2]
_ N _ _
2bc (a+bArcCos[cx])? b*c? (a+bArcCos[cx]) 2b? (a+bArcCos[cx]) 8b3c3

Q

] SinIntegr‘al[3 (a+bArcCosfcx]) ]

9CosIntegr‘al[¥a*bA%M} Sin[%a] Cos| -

ﬁ] SinIntegral] %ﬂ} 9 Cos|?
+ +

8b3c3 8b3c3 8b3c3

= |

Result (type 4, 246 leaves, 16 steps):
x? /1 -c? x? X 3x3

2bc (a+bArcCos[cx])? b?c? (a+bArcCos[cx]) : 2b? (a+bArcCos[cx])

9 CosIntegral [i +ArcCos [cx] | Sin| i} ) CosIntegral| a*“%m] Sin| i] ) 9 CosIntegral | 373 +3ArcCos[cx] ] Sin| 373} )

8b3c3 b3 c3 8b3¢c3

9 Cos| ﬁ} SinIntegral [% +ArcCos[cx]| 9Cos]| 3?""] SinIntegral| Bf +3ArcCos[cx]] Cos]| ﬁ] SinIntegral| W\&;SM}
N _

8b3c3 8b3c3 b3 c3

Test results for the 33 problemsin "5.2.4 (f x)"m (d+e x*2)"p (a+b arccos(c x))*n.m"
Test results for the 118 problems in "5.2.5 Inverse cosine functions.m"
Test results for the 166 problemsin "5.3.2 (d x)*m (a+b arctan(c x*n))*p.m"
Problem 74: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.

jx7 (a +bArcTan [c xz] )2 dx

Optimal (type 3, 124 leaves, 12 steps):

abx? N b2 x4 . b2 XZAr‘cTan[c xz] ) b x® (a+bAr‘cTan[c xz]) ) (a+bAr‘cTan[c xz])2 Y (a+bAr‘cTan[cx2])
4c3 24 c? 4c3 12 ¢ 8 c* 8

2 b? Log[1 + c2 x*]

6 ct

Result (type 4, 731 leaves, 62 steps):
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abx? 23ib2x2  b2x4 7ib2xé bix® 3b2(1-icx?)® b2 (1-icx?)® b?(1-icx?)?

8c3 192 ¢3 i 128 c? - 576 c " 256 32 c* : 36 c* . 256 c* :
b?Log[i-cx?] b?(1-1icx?)Llog[l-icx?] b2Log[1—Jicx2]2 bx* (2ia-blog[1-1icx?])
- - - +
24 c* 16 ¢4 32 ¢4 32¢?

ibx® (2ia-blog|l-1icx?
ibx’ (2ia og1-1cx]) NN (21‘1a—bLog{1—icx2])+lx8 (2a+iblog[1-icx?])?+
48 c 64 32
48 (1-icx?) 36 (1-icx?)® 16 (1-icx?)® 3(1-icx?)* 12Llog[1-icx?
iib(2a+ijog[1—jcx2]) ( chx)_ (1-1cx?) X (1-1cx?) i (1-1cx?) ) og[1-1icx? .
192 A o " ” ”

b(2ia-blog[1-icx*])Log[] (1+icx?)] 1b2x®Llog[l+icx?] b2 (1+icx?) Log|l+icx?]
N _ _

16 c* 24 ¢ 8 ct
bZLog[i (1-1cx?)] Log[1+icx?]

bZLog[lﬂicxz}2

-—bx®(21a-blog|l1-1icx?|)Log|l+1cx? _
16 c* 16 X ( +a og[ ICX” og[ +1CX]+ 32 ¢c*
b2 Log[i + cx2] b?Polylog[2, 2 (1-icx?)] b2Polylog|2
LbzngOg[lJrchZ]erS Log[1+cX]7 2, ( ”7 2,

1
2
32 192 ¢4 16 c* 16

Problem 75: Result valid but suboptimal antiderivative.

st (a+bArcTan [cx?] )2 dx

Optimal (type 4, 154 leaves, 10 steps):

b2x2 b?ArcTan[cx?| bx4(a+bAr'cTan[cx2]) J'L(aerAr*cTan[cxz})2

- +
6 c? 6 c3 6cC 6c3

b (a+bArcTan[cx?]) Log[—2 i b2 Polylog[2, 1- —*2
x® <a+bAr‘cTan[CX2H27 ( [ ” [1+1cx2} B [ 1+]1cx2]

3¢3 6 c3

6

Result (type 4, 647 leaves, 53 steps):
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iabx? 19b2x2 5ib?x4 b2x6 ib?(1-icx?)? ib?(1-icx?)® ib2logli-cx?] ib?(1-1icx?) Log[l-1icx?]
- + +

. 6 c? : 72 c? 144 c : 108 - 16 c3 : 108 c3 12 ¢3 12 ¢3
i b2 L 1-1 212 ipx*(2ia-blL 1-1 2
ib%Log[1-icx’] L2 2ia il lcx])+be6(Zja—bLog[l—jcxzﬂ+Lx6(2a+ibLog[1—icx2”2+
24 ¢3 24 c 36 24
18i (1-icx?) 9i(1-icx?)® 2i(1-icx?)’® 6ilog[l-icx?
Lib(2a+ibLog[1—icx2]) i(1-1icx?) i i(1-1cx?) . i(1-icx?) 6 og[1-1icx?] )

72 c3 c3 c3 c3

ib(2ia-blog[l-icx?]) Log[% (1+icx?)] ) i b2 x? Log[1+ 1 cx2] ijLog{% (1-1icx?)] Log[1+icx?]

12¢3 12c 12¢3
i b2 Log[1+1 cx?]?
ibx6 (21’1a—bLog[1—1‘1cx2”Log[1+j1cx2]—Jl og[1+icx] —ibzstog[lﬂicxz]z—
12 24 c3 24
i b2 Log[i + ¢ x?] ijPolyLog[2,§<1—jcx2H i b? Polylog|2, % (1+1icx?)]
+

72¢c3 12¢c3 12¢c3

Problem 76: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.
JXB (a+bArcTan|cx?| )2 dx

Optimal (type 3, 90leaves, 7 steps):

abx? b2x2ArcTan|cx?| (aerAr‘cTan[cxz])2 b? Log[1 + c? x*|
- +

x4 (a+bAr‘cTan[cx2])2+
4

2c 2¢ 4 c? 4 c?

Result (type 4, 612 leaves, 44 steps):

3abx?2 b2x4 bz(l—iCXZ)z b2(1+1'1cx2>2 b? Log[i - ¢ x?| 3b2(1—11cx2)Log[1—j1cx2] 1
+

- + + + - +—bx*(2ia-blog[l-icx?])+
4c 16 32 c? 32¢? 16 c? 8 c? 16
ib(1-icx?)®(2a+iblog[l-icx?]) (1-icx?) (2a+iblog[l-icx?])® (1-icx?)®(2a+iblog[l-icx?])?
+ _ _
16 c? 8 c? 16 c?
b <Zja*b|-°g[1’jlcx2]) Log[i <1“'1CX2)] —ibzx“Log[lﬂicxz] +3b2 (1+1icx?) Log[1+icx?| 7b2 (1+Jicx2)2Log[1+j1cx2] X
8 c? 16 8 c? 16 c?
b2 Log|[® (1-1icx?)| Log[1+icx? b2 (1+1cx?) Log[1+icx?]?
[2< )2] [ }—lbx“ (Zia—bLog[l—icxz])Log[1+icx2}— (1ricx?) Zg[ ricx] +
8c 8 8c

b2(1+1’1cx2)2Log[lﬂicxz]2 b? Log[i +c x?| bzPOlyLOg[z:i(lfiCXZ)] bpolyLOg[Z:i(lJrl'lCXZH
- + +

16 c? 16 c? 8 c? 8 c?
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Problem 77: Result valid but suboptimal antiderivative.

Jx (a + bAr‘cTan[c xz] )zdlx

Optimal (type 4, 101 leaves, 6 steps):

. 2 2 2 L N2 _ 2
i (a+bArcTan[cx?]) 1, (a+bArCTan[CX2])2+b(a+bAr‘cTan[cx ]) LOg[1+icx2] +1b Polylog|2, 1 1+MXJ
2c¢C 2 C 2c¢C

Result (type 4, 255 leaves, 28 steps):

i(1-icx?) (2a+iblog[l-icx])? ib(Zia—bLog[l—icxz])Log[%(lﬂicxzﬂ inLog[i(l—jcxz)}Log[l+1’1cx2]

8¢ : 4c : 4c -
b2 (1+icx?) Logl1+icx2]? ib?PolyLog[2, X (1-1icx? ib2Polylog|2, X (1+1icx?
lbxz(21‘1a—bLog[1—1‘1cx2])Log[1+1'1cx2]+]l (1ricx) Log[1ricx’] - [ 2( )]+ [ 2< )]
4 8c¢c 4c 4c

Problem 79: Result valid but suboptimal antiderivative.

dx

J (a+bArcTan|cx?] )2

x3

Optimal (type 4, 97 leaves, 5steps):

b ArcT 2])2
—ljc(a+bAr‘cTan[cx2})2— (2 +bArcTan[cx*]) +bc (a+bArcTan[cx?]) Log|2- 2 }—libcholyLog{Z,—1+ 2

2 2 x2 1-1cx? 2 1-1icx?

Result (type 4, 290 leaves, 24 steps):

2abclog[x] - <1_jlcx2) (2a+ibLOg[1—icx2”2

5 +ljbc<21a—bLog[1—jcx2])Log[l(1+jcx2)]+

8 x 4 2

. . . . . 2

(1-1cx?)] Log[1eicxe] + b <ZlabeOg[171C2X2]) Log[1+i cx?] X b2 (1+1cx?) Ltzg[lﬂchZ] .
4% 8 X

1
~ib%clog|
a4

N |

lJibcholyLog[z, -icx?] - 1JibcholyLog[Z, icx?] - 1J'LbcholyLog[z, : (1-icx?)]+ lJ'lbcholyLog[Z, ! (1+icx?)]
2 2 4 2 4 2

Problem 80: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.

dx

J (a+bArcTan[cx?] )2

x>

Optimal (type 3, 87 leaves, 9steps):
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bc (a + bAr‘cTan[c xz} )

2 x? 4

b ArcT 21)2
c? (a+bAr‘cTan[cx2])2— (3 +bArc a4n[cx J) +b?c?Log[x] - lb2 c?Log|1+c?x*]
4 X 4

Result (type 4, 419 leaves, 46 steps):
ibc(2ia-blog[1-icx?]) bc(l1-icx?) (2a+iblog[1-1icx?])

b% c? Log[x] —lbzcz Log[i-cx?| +
4 8 x2 8 x?
2a+iblog(1-icx?])?
ic2(2a+1‘1bLog[1—1‘1cx2})2—< aviblog[l-icx]] +£bc2(21a—bLog{1—icx2])Log[l(1+icx2”+
16 16 x* 8 2

ib2clog[l+icx?]

b(2ia-blog[l-1icx?])Log[l+icx?]

1
- = b?c? Log|
4 x? 8

b2 Log[lﬂicxz}2

N |

(1-icx?)] Log[1+icx?]+ +fb2c2Log[1+jcx2]2+

8 x* 16

- 1bzc2 Log[i+cx?] - 1bzc2 PolyLog|2, : (1-icx?)] - 1bzc2 PolyLog|2, 1 (1+icx?)]
16 x* 8 8 2 8 2

Problem 86: Result valid but suboptimal antiderivative.

Jx3 (a+bArcTan [cx?] )3 dx

Optimal (type 4, 149leaves, 9 steps):

2

3ib (a+bAr‘cTan[c xz]) 3bx2 (a+bAr‘cTan[c xz])2 (a+bAr‘cTan[c xz])3

4 c? 4c ' 4 c? '
3b2 (a+bArcTan|cx?]) Log|[ —2 31 b?Polylog[2, 1 - —2
lx4 (a+bAr‘cTan[cx2”3— ( [ ]) [1””2] - [ 1”1”2}
4 2¢c? 4c?

Result (type 4, 951 leaves, 155 steps):
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31 b? <1—]’1cx2)2(Zja—bLog[l—jcxz}) 31‘1b(1—]’1cx2)2(Zja—bLog[l—jcxz})z 3 b? (1—]‘1cx2>2(2a+1‘1bLog[1—jcx2])

+ + -

64 c? 64 c? 64 c?
3ib(1-icx?) (2a+iblog[1-icx?])? 3ib(1-icx?)®(2a+iblog[l-icx?*])? (1-icx?) (2a+iblog[l-icx?])’
+ + -
16 c? 64 c? 16 c2
(1—1‘1cx2)2(2a+ijog[1—iCX2”3 ijZ(Zja—bLog[l—jcxz])Log[i(lJrjchH 3Jib(Zja—bLog[l—jcxzthog[i(1+1’1cx2)]
32¢? ) 8 c? i 32¢? i
31’1b(2a+ijog[1—jcx2])2Log[§(1+icx2)] 31’1b3Log[§(1—jcx2)]Log[1+icx2] 3b2x2 (2ia-blog[l-icx?]) Log[l+icx?
32¢? ) 8 c? : 8¢ :

ib i b _iex2])? e y2 i b3 e ox2 ; 2]2
ijbx“(Zja—bLog[l—jcxzhzLog[1+jcxz]—31 (2a+1 Log[l ]lCX]) Log[l+1cx]731 <1+1CX)LOg[1+1CX}

+

32 32 ¢? 16 c2

3b2 (2a+iblogl1-icx?])Log[1+icx?]®> ib3(1+1icx?) Logl1l+icx?]?
2 ib2x* (20a-blog[1-icx?]) Log[1+icx?]?- (2a+ibloglt-icx])og[rvicxt]” 1b?[1vicx)Logliviex]
32 32 ¢c? 16 c?

ib® (14dcx?)?Log[l+icx?]’ 31ib’Polylog[2, > (1-icx’)] 3ib?(2ia-blog[l-icx’])Polylog[2, > (1-icx?)]
N - -

32 ¢? 8 c? 16 c2
3b? (2a+iblog[l-icx’])Polylog[2, 7 (1-icx?)] 3ib’Polylog[2, > (1+icx?)]

16 C2 8 c2

Problem 87: Result valid but suboptimal antiderivative.

Jx (a +bArcTan[c x?| )3 dx

Optimal (type 4, 144 leaves, 6 steps):

- b 273 3b (a+bArcTan|cx?])? Log[ —2
i (a+bArcTan[cx?]) +1x2 (a+bAr‘cTan[cx2])3+ ( [cx?]) hﬂlcxz}
2c¢C 2 2c¢C
3ib? (a+bAr‘cTan[c xz]) PolyLog[2, 1- 1+]12CX2] ) 3b3Polylog(3, 1- 1+12CXZ}
2c 4c

Result (type 4, 545 leaves, 82 steps):
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2

3b(1-icx?) (2ia-blog[1-1icx?]) 3b(1-icx?) (2a+iblog|

2 3

1-icx?]) i(1-icx?) (2a+iblog[1-icx?])

+
16 c

3b (21’1a—bLog[1—icx2])2Log[% (1+1icx?)]

16 c

+ +
16 c

3b (Zja—bLog[l—jcxz])zLog[lJrjcxz]

8¢

+
16 c

3b3Log[§ (1-icx?)] '-08[1“'1“(2]2 3b? (2ia-blog[1-1icx?]) Log[1+j1cx2]2

iJibx2 (Zja—bLog[l—jcxz})zLog[lﬂicxz}+

16 8c¢C

iJibzx2 (2ia-blog[l-1icx*]) Log[1+j1cx2}2+

+

16 ¢

b% (1+1 cx?) Log[lﬁicxzr 3b? (2ia-blog[1-1icx?])Polylog|2, % (1-icx?)]

16 16 c

4c

3b3 Log[1+ i c x?] PolyLog|[2, % (1+icx?)] 3b*Polylog|3, % (1-icx?)] 3b*PolyLog|3, % (1+1icx?)]

4c 4c 4c
Problem 89: Unable to integrate problem.
2 3
J(a+bArcTan[cx 1) i
X3
Optimal (type 4, 138 leaves, 6 steps):
b ArcT 21)3
—ljlc (a+bAr‘cTan{cx2”3— (2 +bArcTan[cx*]) +=bc (a+bAr‘cTan[cx2])2Log[2—# -
2 2 x? 2 1-icx?
3., 5 2 3, 2
—~ib’c (a+bArcTan[cx?]) Polylog[2, -1+ ————] + = b’ cPolylog[3, -1+ ———
2 l-icx? 4 1-1cx?

Result (type 8, 347 leaves, 16 steps):

» (1-icx?) (2a+iblog[l-icx?])

3

3

—bcloglicx?] (2a+iblog|1-1cx?|)" -

16 g[]l }( +1 g[ i }) —
i b3 (1+1 2\ 1og[1+1 273

ib3cLog[—jcx2] LOg[l"']'LCXZ]Z—l (1+1icx?) Log[1+1icx?] .

16 16 x2

3 3 . 2 . 2 3 3 .
=~b>clog[1+icx?|Polylog|2, 1+icx?|+ =b’cPolylog|3,1-1icx
8 8

~2ia+blog[1-icx?])?Log[1l+icx?

3 ( 3
= i bUnintegrable | ,x] - =
8 x3 8

EJ'Lbzc (2a+1iblog[l-1icx*|)Polylog|2, 1-icx?]-
8

o +Eb3cPolyLog[3, 1+icx?|+
8

(-2ia+blog[1-1icx?]) Log[1+j1cx2]2

i b? Unintegrable| » X]
X3

+
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Problem 90: Unable to integrate problem.

dx

J (a+bArcTan|cx?| )3

X

Optimal (type 4, 149leaves, 8steps):

3b b ArcT 212

—ijlbc2 (a+bAr‘cTan[cx2])2— c {arbhrc an[cx” —lc2 (a+bAr‘cTan[cx2])3—
4 4 x2 4
(a+bAr‘cTan[cx2})3 3 2

3
=b%c? (a+bArcTan|cx?|) Log|2 - ——— ] - =1 b3c?PolylLog|2, -1
4 x4 +2 ‘ < : [ ” g[ 1-1icx? 4]l Y g[ +1—]‘ch2

Result (type 8, 533 leaves, 29 steps):

3bc (1-icx?) (2a+iblog[l-icx?])?
iabzchog[x}f c(1-icx?) (2ariblog[l-icx]) +ijbc2Log[jcx2] (2a+ijog[1fjcx2”27Lc2(2a+ijog[1fjcx2})3f

4 32 x2 32 32

i b o 273 b3 e ox2 D x2]?
(2a+1iblog[l-1icx?]) +3 c(1+icx?) Log[l+1icx? +ijb3c2Log[—jcxz} Log[1+]'lCX2}27i].leCZLOg[lJrI.ICXZ]:%*

32 x4 32 x? 32 32

J'1b3Log[1+J'1cx2]3

+iib3c2PolyLog{2, -1 ¢ x?] —iib3c2PolyLog{2, icx?] - ib2 ¢’ (2a+iblog[1-icx?])Polylog[2, 1-icx?]+
32 x4 16 16 16

iJib3 c?Log[1+1icx?] Polylog[2, 1+icx?] + i]'lb?’ c?Polylog[3, 1-1icx?] - iJ'1b3 c?Polylog[3, 1+1icx?]| +

16 16 16

(-2ia+blog[1-1icx?]) Log[1+j1cx2]2

5

—21'1a+bLog[1—Jicxz])zLog[lﬂicxz]

3 i bUnintegrable| ( » X - 3 i b? Unintegrable| » X]

8 x° 8 X
Problem 93: Result optimal but 1 more steps used.
J(d x)" (a+bArcTan[cx?]) dx

Optimal (type 5, 75leaves, 2 steps):
(dx)*™ (a+bArcTan[cx?]) 2bc (dx)*"™Hypergeometric2Fi[1, 3%’ 7?’“, 2 x4

d(1+m) d? (1+m) (3+m)

Result (type 5, 75leaves, 3 steps):

(dx)*" (a+bArcTan[cx?]) 2bc (dx) ™ Hypergeometric2F1[1, M, 70 _c2x

d(1+m) d3 (1+m) (3+m)
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Problem 113: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

Jxll (a + bAr‘cTan[c x3] )2 dx

Optimal (type 3, 124 leaves, 12 steps):

abx3 b2x6 b2x3Ar‘cTan[cx3] b x° <a+bAr‘cTan[cx3}) (a+bAr‘cTan[cx3])2
+ + -

b2 L 1 2 %6
- + — x12 (a+bAr‘cTan{cx3”2— og[1+ ]
6c3 36 c? 6c3 18 ¢ 12 ¢4 12 9c*

Result (type 4, 731 leaves, 62 steps):

abx® 23ib?x* b2x5  7ib*x® b2x2 b?(1-icx})® b (1-icx’)? b2 (1-icx®)?

12¢3  288¢3 +192c27 864 ¢ ' 384 16 c* : 54 c* 384 ¢4 .
b?Log[i-cx®|] b?(1-1icx®)Llog[l-1icx?] bZLog[l—jlcx3]2 bx® (2ia-blog[1-1icx?])

- - - +

36 ¢4 24 ¢t 48 c* 48 c?
ibx®(2ia-blog|l-icx3
16X (2ia oglt-icx]) Jribx12 (Zjabeog[lfjcx3])+ix12 (2a+1’1bLog[1fjcx3”2+
72 cC 96 48
48 (1-icx3) 36 (1-icx3)? 16 (1-icx®)® 3(1-icx®)* 12Log[1-1icx3

i]’lb(ZaﬂibLog[l—jcxﬂ) ( chx)_ (1-1cx?) X (1-1cx?) i (1-1cx?) . og[1-1icx?| .
288 c* c* c* c* c*

b(21’1a—bLog[1—1’1cx3])Log[§<1+icx3)] ib2x%Log[l+icx?] b2 (1+icx?) Log[l+icx?]
+ _ _

24 ¢4 36¢C 12 ¢4
b2Log[§ (1-icx®)] Log[1+1icx?]

b2 Log[1+i cx?]?
7be12(21‘Labeog[1fjcx3])Log[1+j1cx3]+ og[i+icx’] -
24 c* 24

48 c*

5b2 Log[i +cx3] b?Polylog[2, 1+icx)]

1-icx® b2 PolyLog|2
lblezLog[1+j1cx3]2+ < )] [2

48 288 c* 24

1
5 |
24 c*

Problem 114: Result valid but suboptimal antiderivative.

JXS (a+bArcTan [cx?] )2 dx

Optimal (type 4, 154 leaves, 10 steps):
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b2 x3 bZAr'cTan[c x3} b x® (a+bAr‘cTan[c x3]) i (a+bAr‘cTan[c xﬂ)2
- - +
9 c? 9c3 9c 9c3
2b (a+bArcTan|[cx?|) Log[ —2 ib?Polylog[2, 1- —2
lX9 (a+bAr‘cTan[CX3”2— ( [ ]) [1+1cx3} B [ ’ 1+1cx3]
9 9c3 9c3

Result (type 4, 647 leaves, 53 steps):

iabx? 19b2x3 5ib?x6 b2x? ib?(1-icx})? ib?(1-icx})® ib2logli-cx’|] ib?(1-1icx?) Log[l-1icx?]
- + - + + +

+
9 ¢ 108 c2 216 ¢ 162 24 c3 162 c3 18 ¢3 18 c3

ib2log[1-1icx3]®> ibx(2ia-blog[l-icx3
- og[1-icx] L2 (212 o8| ICX])+ibx9(Zja—bLog[l—jcx3}>+ix9(2a+ijog[1—jcx3})2+
36 ¢3 36 cC 54 36

18i (1-icx3) 9i(1-icx3)? 2i(1-icx3)® 6ilogll-icx3
i]'lb<23+]'lbLOg[17]'lCX3]) i chx)i i(1-1icx®) . i(1-1cx3) ) ilog[l-icx?|
108 c3 c3 c3 c3

ib(2ia-blog[l-1icx}]) Log[i (1+icx?)] ) i b2 x® Log[1+ 1 cx?] ) ijLog[i (1-icx®)] Log[1+icx?]

18 ¢3 18 c 18 ¢3

ib2 Log[1+j1cx3]2

be9 (2ia-blog[1-icx?]) Log[1+icx’]- —ib2x9Log[1+jcx3]2—
18 36 c3 36

ib?Llogli+cx?] 1b? PolyLog|2, % (1-icx?)] ib?Polylog]2, % (1+1icx?)]
N

108 c3 18 ¢3 18 ¢3

Problem 115: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

jxs (a +bArcTan [c xﬂ )2 dx

Optimal (type 3, 90leaves, 7 steps):

_abx3 ) b2 x> ArcTan[c x3] . (a+bAr‘cTan[c x3])2 +1x6 <a+bAr‘cTan[cx3])2+ b? Log[1 + c2 x?]
3c 3c 6c? 6 6 c?

Result (type 4, 612 leaves, 44 steps):
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abx® b2xs b2 (1-icx®)? b2 (1+icx})® blog[i-cx}] b2 (1-icx®)log[l-icx}] 1
- - +

+ + + +—bx®(2ia-blog[1-icx?])+
2c 24 48 c? 48 c? 24 c? 4 c? 24
Jib(l—]'lcx3)2(2a+ijog[1—jcx3]) (1-1icx®) <2a+ijog[1—jcx3])2 (1—]‘1cx3)2(2a+1’1bLog[1—1’1cx3])2
. _ _
24 ¢ 12 ¢ 24 ¢
b(2ia-blog[l-icx’]) Log[i (1+icx?)] L 6 Log[1eicx?] +b2 (1+icx®) Log[1+1icx?] 7b2 (1+1icx®)?Log[1+1cx?] X
12 ¢ 24 4 c? 24 2
b2 Log[% (1-icx?)] Log[l+icx? b2 (141 cx3) Logl1+icx?]?
[2< )] { }—ibxs (2ia-blog[l-icx?])Log[1+icxX’]- (1+icx)Log1+icx] +
12 ¢? 12 12 ¢?

b2(1+J’1cx3)2Log[1+j1cx3]2 b? Log|i + ¢ x3] bzPolyLog[z,i(lfjcxﬂ] bZPolyLog[Z,i(lﬂicxﬂ}
- + +

24 c? 24 c? 12 c? 12 c?

Problem 116: Result valid but suboptimal antiderivative.

sz (a+bArcTan|cx?] )2 dx

Optimal (type 4, 104 leaves, 6 steps):

. 3 2 a2 _ 2
i (a+bArcTan[cx?])? L (2= barcTan[cx¢])? - 2b (a+bArcTan[cx’]) LOg[lﬂich] . 1b?Polylog|2, 1 1+J'1cx3}
3c 3 3c 3c

Result (type 4, 255 leaves, 28 steps):

i(1-icxd) (2a+iblog[1-icx])? jb(Ziabeog[lfjcxﬂ)Log[i(1+jcx3)} jszog[%(lfjcﬁHLog[1+j1cx3]

+ + -

12 ¢ 6cC 6cC
i b2 (147 3) Logl1+i 312 ib2Polylog(2, ¥ (1-1cx3 i b2PolyLog[2, X (1+1cx3
Lbx* (21a-blog[1-icx]) Log[1+icx’] + - (Lricx) Log[lricx’]” 25 1, 25 )
6 12 ¢ 6cC 6cC

Problem 118: Result valid but suboptimal antiderivative.

dx

J(a +b ArcTan|cx3| )2

x4

Optimal (type 4, 100 leaves, 5 steps):

b ArcT 31)?
—ljc (a+bAr‘cTan[cx3H2— (2 +bArcTan[c]) +Ebc (a+bArcTan|[cx?]) Log[Z—#} —ljbcholyLog[Z, B —
3 3x3 3 1-icx® 3 1-1icx?

Result (type 4, 290 leaves, 24 steps):
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2abclog[x] - (17]'1(;)(3) (za*ijOE[lfjcxﬂ)Z

. +§J‘1bc<2ia—bLog[1—icx3])Log[§(1+icx3)]+

b(2ia-blL 1-1 3 L 1+ 1 3 b2 (1+1 3L 1+ 1 3]2
ljbchog[l(1—jcx3)]Log[1+jcx3]+ (21ia og[1-icx?]) Log[1+icx?] (1+icx3) Log[l+1icx?]
2

+ +

6 6 x3 12 x3

1 1 1 1 1 1
~1ib?cPolylog[2, -icx®| - —ib’cPolylog[2, i cx’| - = ib?cPolylog[2, = (1-icx®)|+ = ib?cPolylog|[2, ~ (1+icx?)]
3 3 6 2 6 2

Problem 119: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

J(a +bArcTan|cx?] )2

x’

dx

Optimal (type 3, 87 leaves, 9 steps):

b b ArcT 3 bArcT 3]
i c (a+bArc an[cx”iiC2 (a+bArcTan[cx])? - (a+bArcTan|[cx?]) +b2c2Log[x]—leCZLOg[1+C2X6}
3x3 6 6 x° 6

Result (type 4, 419 leaves, 46 steps):

b? 2 Log [x] 71b2c2Log[]'17cx3] X ibc(2ia-blog[1-icx]) bc (1-icx®) (2a+iblog[1-1icx®])
6 12 x3 12 x3

2a+iblog(1-icx3])?
lCZ(2?=\+J'l|i’|-0g[1*1'lCX3})27( a+iblogll-icx’)) +lbc2(21a—bLog[1fjcx3])Log[
24 24 x® 12
ib?clog[l+icx?]

(1+J'1CX3)]+

N |

b(2ia-blog[1-1icx?]) Log[1l+1icx?]

6 x3 12
b2 Log[lﬂicx?’}2

- —b>c?Log[i+cx?] - lbzczPolyLog[z, 1 (1-icx®)] - ibzczPolyLog[Z, 1 (1+icx®)]
24 x° 12 12 2 12 2

7Lb2c2Log[l (1-icx®)] Log[1+icx®]+ +Lb2c2Log[1+1’ch3}2+
2 12 x® 24

Problem 120: Result valid but suboptimal antiderivative.

dx

J(a +bArcTan[c x3| )2

X10

Optimal (type 4, 154 leaves, 9 steps):
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22 b b ArcT 3
—b—c—1b2c3Ar‘cTan[cx3]— ¢ (a+barcTan|cx’]) +1j1c3 (a+bAr‘cTan[cx3})2—
9x3 9 9 x5 9

(a+ b ArcTan|c x?] )2

2 2 1
-=bc? b ArcT 31) Log[2- ———— | + = 1b2c3PolyLog|2, -1
P . c® (a+bArcTan[cx?]) Log| 1—icx3}+91 c®Polylog|2, +1—]i.CX3

Result (type 4, 536 leaves, 59 steps):

22 ib 2ia-bl 1-1 3 bc?2 (2ia-blL 1-1 3
b 7EabC3L0g[X]+i]'].b2C3LOg{j.7CX3]+1 c(21a o8| 1cx])+ ¢ (21ia o8| 1cx”7
9x3 3 18 36 x° 18 x3
bc(2a+iblog[l-icx?) i ibc? (1-icx®) (2a+iblog[1-1icx®]) 7ijc3 (23+J'lbLOg[17]'lCX3}>27 (2a+ijog[1fjcx3])27
36 x° 18 x3 36 36 x°

ib?clog|l+icx?]

ijbCE‘(Zjabeog[lfjcxﬂ)Log[§(1+jcx3)]+ o 7éjb2c3Log[§(1fjcx3)]Log[1+jcx3]+

b(2ia-blog[1-icx3])Log[1+icx3 b2 Log[1+ i cx?]?

212 og[1-icx]) Log| chx}——ib2c3Log[1+icx3}2+ og[1+icx] - —ib*c®Polylog[2, -icx?] +
18 x° 36 36 x° 9

(1-icx®)] - L i b? ¢ PolyLog|2,

1 1
~1ib?c®Polylog|2, i cx?] + — i b?c?PolyLog|2,
18

1 : 3
s ” ( +1cx)}

N |
N |

Problem 121: Result valid but suboptimal antiderivative.

st (a+bArcTan|cx?] )3 dx

Optimal (type 4, 240 leaves, 13 steps):

ab2x3 b*x*ArcTan|cx?] b(a+bAr‘cTan[cx3])2 b x6 (a+bAr‘cTan[cx3])2 Ji(a+bAr‘cTan[cx3])3

+ - - - +=x° (a+bArcTan[cx?])? -
3¢ 3¢ 6c3 6c¢ 9c3 9
b (a+bArcTan[cx?])? Log| - jzcx3} b3 Log[1+c2xs| ib? (a+bArcTan[cx?]) PolyLog[2, 1- - Jizcx3] b? Polylog|3, 1 - - ]izcxs]
3¢3 ) 6c3 ) 3¢3 ) 6c3

Result (type 4, 1867 leaves, 239 steps):
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2ab2x3 71ib3x3 23b3x6 1 b*(1-1cx3)? b (1+icx®)? b3 (1+icx?)’ 7b’Log[i-cx?] b®(1-1icx?)Llog[l-icx?]
+ - + — 1b3x° - - + + - +
3¢ 216 c? 432c 324 48 3 24 c3 324 c3 108 c3 3¢3
b3Log[1—Jicx3}2 b2x® (2ia-blog[l1-icx}]) b2 (1-icx?)®(2ia-blog[l-1icx}])

1

- —ibx®(2ia-blog[1-1icx3])*-
72 ¢c3 24 c 48 c3 72]l X ( re Og[ 1CX})

b(1—1‘1cx3)2(21’1a—bLog[1—1’1cx3”2 ib? (1-icx})? (2a+iblog[1-icx®]) ib2(1-icx?)®(2a+iblog[l-1icx?])

- + —

48 c3 16 3 108 c3

b (1-1cx?) (2a+ijog{1—jcx3])2+b(1—1’1cx3)2(2a+ijog{1—jcx3])2_b(l—jcx3>3(2a+ijog[1—jcx3])2_
8c3 16 ¢3 72 ¢

i(1-icx}) (2a+iblog[i-icx?])® i (1-icx?)®(2a+iblogi-icx?])® i(1-icx?)®(2a+iblog[1-icx®])?
24 ¢3 : 24 ¢3 ) 72 ¢3 :

1 (2ia-bLog[1-icx]) 181 (1-1icx?) 79]’1(1—1’1cx3)2+21'1(1—]‘1cx3>376jLog[1—jcx3] .

216 c3 c3 c3 c3

b2 (2ia-blog[l-icx?]) Log[% (1+icx®)] b (21‘1a—bLog[1—1‘1cx3])2Log[% (1+icx?)]

- +

12 ¢3 24 ¢3
: s 31)2 1 : 3 . . .
b<za*1b'-°g[1 ICX]) Log[Z(lchx”+b3X6Log[1+ICX3]——ib3x9Log[1+icx3}—11b3(1+1CX3> Log[1+1cx3]+
24 c3 18 ¢ 108 36 ¢3
b* (1+icx?)?Log[l+icx?] b®(1+icx?)’Log[1+icx?] b3Log[§(1—icx3>]Log[1+j1cx3]
- - +
12 ¢3 108 c3 12 ¢3
b2x® (2ia-blog[l-icx3]) Log[1+1icx3 b(2a+iblog[1-1icx3])’Log[1+1icx3
Xt (21a og[1-1icx?]) Log[1+icx?] +ijbx9 (Zjabeog[lfjcxs})ZLog[lﬂicxﬂ7 (2a+iblog[1-icx?])”Log[l+1icx?] )
12 ¢ 24 24 ¢3
b3|-0g[1*jcx3}2+ijb3X9Log[1+jcx3]2+b3(1+]’1cx3)Log[l+1’1cx3]2_b3(1+J’1cx3)2Log[1+jcx3]2+b3(1+J’1cx3)3Log[1+J‘ch3]2_
72 ¢c3 72 8 c3 12 ¢3 72 ¢3

b3Log[§ (1-icx?)] Log[lﬂicxﬂ2 ib? (2a+iblog[l-icx?]) Log[1+icx?]?

123 +iib2x9(Zia—bLog[l—iCX3])L08[1+“X3]2‘ 24 ¢3

b3<1+jcx3)Log[1+jcx3]3 b3(1+1’1cx3)2Log[1+J‘lcx3]3 b3(1+jcx3)3Log[1+jcx3]3 b? Log[1i + ¢ x3|
+ - +

24 ¢3 24 ¢3 72 ¢3 24 ¢3

b® PolyLog|2, % (1—1’1cx3)] ) b2 (Zja—bLog[l—jcxﬂ) PolyLog|2, i (1—1’1cx3)] ) ib? (2a+1’1bLog[1—1‘1cx3]) PolyLog|2, % (1—1’1cx3)] .
12 ¢3 12 ¢3 12 ¢3

b® PolylLog|2, % (1+icx?)] ) b* Log[1+ i cx?] PolylLog|2, % (1+icx?)] ) b® PolylLog|3, % (1-icx?)] ) b® PolylLog|3, % (1+icx?)]

12 ¢3 6c3 6c3 6c3
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Problem 122: Result valid but suboptimal antiderivative.
st (a+bArcTan [cx?] )3 dx

Optimal (type 4, 147 leaves, 9 steps):

ib <a+bAr‘cTan[c xﬂ)z b x3 (a+bAr‘cTan[c x3])2 <a+bAr‘cTan[c x3})3

2c? 2c i 6 c2 "
b2 (a+bArcTan[cx3]) Log|—2 i b3 Polylog[2, 1- —2
—x8 (a+bAr‘cTan{cx3”3— ( [ ]> [1*“"3} - [ ’ 1+11cx3]
6 c2 22

Result (type 4, 951 leaves, 155 steps):

ib? (1-icx})? (2ia-blog[l-icx?]) Jib(l—]icx3)2(ZJ'la—bLog[l—Jicxﬂ)2 b2 (1-icx?)? (2a+iblog[l-1icx}])

32¢? : 32¢? ’ 32¢2 )
ib(1-icx}) (2a+iblog[1-icx?])® ib(1-icx?)®(2a+iblog[1-icx}])? (1-icx?) (2a+iblog[1-icx?])?
+ + -
8 c? 32 ¢? 24 c?
(1-icx?)? (2a+iblog[1-icx])? ij(Zja—bLog{l—jcxﬂ)Log[i(l+1‘1cx3” Jib<Zja—bLog[1—jcx3])2Log[i(1+1’ch3>]
48 c? 4 c? ' 16 2 '
]lb<2a+ijog[1—icx3])2Log[i(1+J‘1cx3>] ib*log[ (1-1cx®)]Log[lricx®] p2y3 (2ia-blog[1-icx}]) Log[1+icx]
16 c2 ) 4c? : 4c '
ib(2a+iblog[l1-icx®])?Log[l+icxd] b3 (1+icx?) Llog|l+icx®]®
1o (21’1a—bLog[1—1’1cx3])2Log[1+j1cx3]—]l (2a+iblog[1-icx?])®Log[1+1icx?] i (1+1icx3) Log[1+1icx?] .
16 16 c? 8 c?
b2 (2 i b Ciex3 ; 312 5 p3 cox3 ; 3]3
LI'Lb2X6<2flabeOg[17]'LCX3])LOg[1+]'lCX3]27 (2a+iblog[l-icx?]) Log[1l+icx?] = (1+1icx?) Log[1+1icx?] )

16 16 2 24 c?
ib* (1+icx®)?Log[l+icx]’ ib®Polylog[2, > (1-icx?)| ib”(2ia-blog[l-icx?])Polylog[2, ; (1-icx’)]
48 c? ' 4c? i 8c?

b2 (2a+iblog[l-icx?])PolyLog|2, i (1-icx®)] 1ib3Polylog|2, i (1+icx?)]

8 c? 4c?
Problem 123: Result valid but suboptimal antiderivative.
sz (a+bArcTan|cx?] )3d1x

Optimal (type 4, 139leaves, 6 steps):
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J'l(a+bAr‘cTan[cx3])3 b(a+bAr‘cTan[cx3])2Log[ 2—]

+ = x3 (a+bAr‘cTan[cx3])3+ 1+icxX®
3cC 3 c
i b2 (a+bArcTan|[cx?]) PolyLog[2, 1 - 1+1‘1ch3] ) b Polylog|[3, 1- 1”12“3]
¢ 2¢

Result (type 4, 545 leaves, 82 steps):

b(1-1icx3) (Zjabeog[lfjcxﬂ)z b (1-1icx?) (2a+1’1bLog[1fjcx3”2 i(1-1cx3) (2a+ijog[1fjcx3])3
+ +

8c 8c 24 c :
b<Zia‘b|-°g[1_jlcx3])z|-°g[i<1+]'1CX3H b(21‘1a—bLog[1—jcx3])2Log[l+1’1cx3]
- +
4c 8c
b3 Log[L (1-icx3)] Log[l+icx3]? b2 (2ia-blogll-icx3]) Logl1l+icx3]?
Libe (2ia-blog[1-icx®|)?Log[1+icx]+ [2< ) [ } + (2ia og[1-icx]) Log[1+icx] +
8

4c 8¢

b® (1+1 cx?) Log[1+jcx3}3 b2 (2ia-blog[l-icx?])PolyLog|2, % (1-1icx®)]

lJ'1b2x3(2]’1a—bLog[1—J'1cx3”Log[l+1’1cx3]2+ +
24 c 2c

8

b* Log[1+1i cx?] PolylLog|2, % (1+icx?)] . b* PolyLog|3, % (1-icx?)] . b® PolylLog|3, i (1+icx3)]
2c 2c 2c
Problem 125: Unable to integrate problem.
3 3
J(a+bAr‘cTan[cx 1) ix
X4
Optimal (type 4, 133 leaves, 6 steps):
b ArcT 3])?

—ljlc(a+bAr‘cTan[cxﬂ)3—<a+ e an[cx” +bc(a+bAr‘cTan[cx3])2L0g[2— 2 -
3 3 x3 1-icx®
ib?c (a+bArcTan|[cx?]) Polylog[2, -1+ |+ lb3cPolyLog[3, -1+

1-icx3 2 1-icx3

Result (type 8, 347 leaves, 16 steps):
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1-icx?) (2a+iblog[1-icx3])?
lbcLog[Jicx3] (2a+ibL0g[1_jcx3])z_( icx?) (2a+iblog[l-1icx?]) )
8 24 x3

ib® (1+icx?) Log[l+1‘1cx3]3

+lib2c (2a+iblog[1-1icx?])Polylog|2, 1-icx?]-

1 2
—b*clog[-icx?®| Log[l+icx?]|"-
. clog[-icx?] Log[1+1cx?] a .

lb3’c Log[1+icx®| Polylog[2, 1+icx®] + lb3cPolyLog[3, 1-icx?|+ 1b3cPolyLog[3, 1+icx?]+
4 4 4

—21'1a+bLog[1—Jicx3])2Log[1+icx3]

~2ia+blog[l-1icx®]) Log[l+icx?]?
zijnintegr‘able[( ,x]—iinUnintegr‘able[( ia+blog[l-icx’]) Log[1+icx’]

8 x4 8 x4 ’ X]

Problem 126: Unable to integrate problem.

dx

J(a +bArcTan|cx?| )3

X

Optimal (type 4, 146 leaves, 8 steps):

b b ArcT 312
—ljbcz (a+bAr‘cTan[cx3])2— cfar r‘csan[cx]) flcz (a+bAr‘cTan[cx3])3—
2 2 X 6

(a+ b ArcTan|c x?] )3

2

1
+b%2c? (a+bArcTan|cx?®|) Log|2- ——— ] - =1 b?c?Polylog|2, -1+
6 x° ( [ H g[ 1—chx3} 2Jl Y g[ 1-icx3
Result (type 8, 533 leaves, 29 steps):

bc(1-1icx?) (2a+1’1bLog[1—1’1cx3”2

iabzchog[x1— ; +ijbc2Log[jcx3} (2a+ijog[1—jcx3})2—ic2(2a+1’1bLog[1—1’1cx3”3—
4 16 x 16 48

2a+iblog[1-icx3])® b3c(1+1icx?) Log[l+icx?]?

(2a+iblog[1-icx]] + ¢ (1+icx’) Log[1+icx’] +iib3c2Log[—icx3}Log[1+icx3}2—iib3c2Log[1+icx3]3—
48 x5 16 x3 16 48

Jib3Log[1+Jicx3}3

Jrljb3 c?Polylog[2, -icx?] - lJ'1b3c2PolyLog[2, icx?]| - 1bzc2 (2a+iblog[1-icx?|)Polylog|2, 1-icx?]+
48 x° 8 8 8

1 1 1
~ib’c?Llog[1l+1icx?] Polylog|2, 1+icx®]+=ib?c?Polylog|3, 1-icx®]-=ib’c?Polylog|3, 1+icx?]+
8 8 8

(—21‘1a+bLog[1—icx3])2Log[1+icx3] (-2ia+blog[1-1icx]) Log[1+j1cx3]2

3 ) 3, .
—1ib Un1ntegr‘able[ B x] -—1b Un1ntegr‘able[

8 x7 8 x7 ’ X]

Problem 129: Result optimal but 1 more steps used.

J(d x)" (a+bArcTan[cx?]) dx
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Optimal (type 5, 75leaves, 2 steps):

(dx)*™ (a+bArcTan[cx?]) 3bc (dx)*™Hypergeometric2F1|1, 4;'“ , wT““, -c2x8|

d(1+m) d* (1+m) (4+m)

Result (type 5, 75leaves, 3 steps):

4+m 10+m , - CZ XG]

(dx)™™ (a+bArcTan[cx?]) 3bc (dx)*™Hypergeometric2Fi[1, i

d(1+m) d4<1+m) (4 +m)

Problem 140: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

J*

Optimal (type 3, 122 leaves, 14 steps):

C 2
a+ bAr‘cTan[f] dx

X

X 1 3
a+bAr‘cCot[—}) +~bcx
C 6

X
a+bAr‘cCot[—}) -
c

1 1
—b2c?x?*- =bc3x
12 2

Xx,\2 1 c? 2
a+bAr‘cCot[f]) - = b?c*Log[1+ —] - = b?c*Log[x]
C 3 x? 3

1 X-.\2 1
=t [a+bAr‘cCot[—]) =Xt
4 C 4

Result (type 4, 862 leaves, 88 steps):

1 1 1 1 11 C 1 i C 1 i C
—fabc3xf*1'1abc2x2+—b2c2x2+fabcx?’—szc“Log[Ji—f]—fib2c3xLog[1—L}+—b2c2x2Log[1—l—}+

4 8 12 12 48 X 8 X 16 X

1 e 1 i C e 1 i C

~ib2cxdlog[i- ] -=bc?[1- | x[2a+iblog[1- ]|+ —ibc?x? 2a+1‘1bLog[1—1—})+

24 X 8 X X 16 X

1 i C 1 ic,\2 1 ic,\2 1 i C

—bcx? 2a+ijog[1—L} - —ct (2a+ibLog[1—L] + — x4 2a+1‘1bLog[1—L] +fjb2c3xLog[1+L}—

24 X 16 X 16 X 4 X

1, ic 1 4 ic 1., ic ic 1 5, ic,2

—ib?cx’log[l+ —]-~iabx*Log[1+ —]+=Db>x*Log[1- —] Log[1+ —]+ —b’>c*Log[1+—] -

12 X 4 X 8 X X 16 X

1 1 C 5 C 1 5 1 1C

—b2x4Log[1+l—]2f—bzc“Log[jJr—]+—jabc4Log[cfjx}7—b2c4Log[cfjx]7—b2c4Log[171—] Log[c - 1X] -

16 X 48 X 4 48 8 X

5 5 4 ) 1, ., ic ) 1., C-1X ) 1., ., ) C+1X

—b?c*Logc+ix] - —b?c*Log[1+—] Log[c+ix]+—b?c*Log| | Loglc+1ix]+=b?c*Log[c-1x] Log| | -

48 8 X 8 2c 8 2c

1 11 1 1 X 1 L X 1 c-1x

“iabc*log[x] - ——b%c*Log[x] - —b?>c*Log[c + 1 X] Log[—l—}——bzc“Log[c—ix] Log[l—]+—b2c4PolyLog[2, = |+

4 24 8 C 8 C 8 2c

1., ., C+1X 1., ., ic 1., ., ic 1., ., ix 1., ., ix

= b? c* Polylog|2, | + =b*c*Polylog |2, - — ] + = b? c* PolyLog[2, — | - = b?c*PolyLog[2, 1- — ] - = b?c*PolylLog[2, 1+ — |

8 2c¢C 8 X 8 X 8 c 8 C
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Problem 141: Result valid but suboptimal antiderivative.

J*

Optimal (type 4, 152 leaves, 9 steps):

C 2
a+bAr‘cTan{f]) dx
X

1 1 X 1 X 1 X )2

=b2c?x+ —b?c ArcCot|[ =] + “bcx? aerAr‘cCot[f]]—fjc3 (a+bAr‘cCot[f]) +

3 3 C 3 C 3 C

X,\2 2 X 1 2
=3 a+bAr‘cCot[f]) +=bc? (a+bAr‘cCot[f})Log[27 — | - = 1ib?c?Polylog[2, -1+ — |
3 C 3 C 1 ¢ 3 -
X X

Result (type 4, 787 leaves, 73 steps):

1 1 1 1 C 1 i 1 ic
-—iabc?x+ —b*c?x+ —abcx?- ~ib?clogli- —]+ ~b?c?xlog[l- — ]+ —ib?cx’Llog[l- —]+

3 3 6 4 X 6 X 12 X

1, ic ) ic 1 ) ) ic 1 ) ic\2 1 , ic,)2
“ibc (1—* x[2a+iblog[l-—]|+-—bcx?|2a+iblog[l-—]|+ —ic (2a+1bLog{1—f] +—X (2a+1bLog{1—f] -
6 X X 12 X 12 X 12 X
1 e 1 e 1 icC 1cC 1 e C
—jbzcszog[1+l—]——iabx3Log[1+l—]+—b2x3Log[1—l—} Log[1+l—]+—ib2c3Log[1+l—]z——b2x3Log[1+—}2+

6 X 3 X 6 X X 12 X 12 X

s 2 3 . < 1 3 . 1 s 2 3 . 1 2 -3 ic . 1 L2 3 .

—ib?c?Logli+ —|-~abc®Loglc-1ix]+—ib?c®Loglc-ix]-—1ib®c®Log[1- ] Loglc-ix]--—1ib?*c?Loglc+ix]+

12 X 3 12 6 X 12

1., 5 ic ) 1., 5 c-1X ) 1,5 ) c+1X 1 3

—1ib%c Log[1+f} Log[c+1x] - —1b°c Log[ ]Log[c+1x}+71bc Log[c—nx]Log[ ]—fabc Log [x] +

6 X 6 2c 6 2c 3

1, ) 1x 1 53 . 1x 1 ., c-1X 1 .53 c+1X
—1b°c’lLog[c+1x] Log[ff]—flb c®Log[c - 1x] Log[—] +—1b°c PolyLog[Z, ]7*]1[) c PolyLog[z, }+

6 C 6 C 6 2c 6 2c

1,5 ic 1, 5 ic 1, 5 i X 1 ., ., i X

~ib%c®Polylog[2, - — | - = ib?c3Polylog[2, — | - = ib?c?Polylog|2, 1- — | + = i b? c®Polylog[2, 1+ —|

6 X 6 X 6 C 6 C

Problem 142: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

Jx (a+bAr‘cTan[£]]2d1x

X

Optimal (type 3, 82leaves, 9steps):

2
a+bArcCot[i])2+ lb2 c?Log[1+ c—} +b? c? Log[X]

X 1 ) X.\2 1 )
bcx(a+bArcCot[f})+—c [a+bArcCot[—]) + X
C 2 X2

C 2 C 2

Result (type 4, 663 leaves, 58 steps):
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1 1., ., o c 1, ic 1 ic ) ic 1, ) ic,)?
—abcx+ =b?c?log[i-—|+=ib chog[l——}+—bc(1—— x|2a+iblog[l-—]|+=c®|2a+iblog[l-—]| +
2 4 X 4 X 4 X X 8 X
1 ic,\2 1 i C 1 i C 1 i C i C
= x? 2a+1’1bLog[1—L} f*jbzchog[lJrL]—fjabszog[1+L]+fb2x2Log[1—L} Log[1+L}—
8 X 2 X 2 X 4 X X
1 e 1 e 1 1 1 e
—b2c2Log[1+1—}2——b2x2Logh+l—]2——Jiabchog[c—jlx}+—b2c2Log[c—ix]+—b2c2Log[1—l—] Log[c - i x] +
8 X 8 X 2 4 4 X
1., ., . 1., ., ic ) 1., ., c-1X ) 1., ., ) C+1X
=b?c?log[c+1ix]+ ~b>c?Log[1l+—] Loglc+ix]-=b?c?Log| | Loglc+ix] - =b’>c?Log[c-ix] Log]| |+
4 4 X 4 2c 4 2c
1 1 1 1 X 1 1 X 1 c-1X
“iabc?log[x] + —b%c?Log[x] + —b?c?Log[c +1iX] Log[fL]+—b2c2Log[c—jx} Log[l—}f—bzczPolyLog[z, = | -
2 2 4 C 4 C 4 2c¢c
1., C+1X 1.,, ic 1,, ic 1., ., 1Xx 1,5 iXx
= b2 c? PolyLog|2, | - = b2c?PolyLog[2, - —] - = b?c?PolyLog[2, — | + = b?c?Polylog[2, 1- — | + = b?c?PolyLog[2, 1+ — |
4 2c 4 X 4 X 4 C 4 C
Problem 143: Result valid but suboptimal antiderivative.
C 2
J(a+bAr‘cTan[—} dx
X
Optimal (type 4, 83 leaves, 6 steps):
) X )2 X )2 X o 2c
1c[a+bAr‘cCot[f}) +X a+bAr‘cCot[—]] 72bc(a+bAr‘cCot[f})Log[ | +ib?cPolylog(2, 1-
C C c C+1X C+1X
Result (type 4, 478 leaves, 31 steps):
e 1 e icC 1 icC e 1 e
a2x+jabeog[171—]+—b2(jcfx) Log[lfl—]zfiabeog[1+l—}+—b2xLog[171—} Log[1+l—]f—b2<jc+x) Log[1+l—]27
X 4 X X 2 X X 4 X
1, ic ) ) 1, ) c-1X 1, ic ) )
~ib*clog[l+—] Log[-c-ix]+abclog[c-ix]+—ib’clog[-c-ix] Log| |+ =ib?clog[1- —] Log[-c+ix]+abcloglc+ix]-
2 X 2 2c 2 X
1, ) C+1X 1 ., ) i X 1 ., ) i X 1 ., c-1X
~ib?clog[-c+1ix] Log] | - ~ib*clog[-c-ix]Log[-—]+~ib>clog[-c+ix]Log[—]- = 1ib?cPolyLog|2, |+
2 2c 2 C 2 C 2 2c
1, C+1X 1, ic 1, ic 1 ., 1x 1 ., 1x
—1b cPolyLog[Z, ]7*]lb cPolyLog[Z, —f] +—1b cPolyLog[Z, 7] +—1b cPolyLog[Z, 1—*] -—1b cPolyLog[Z, 1+—]
2 2c 2 X 2 X 2 C 2 c

Problem 145: Result valid but suboptimal antiderivative.

(a +bArcTan| <] )2
J X dx
X2

Optimal (type 4, 96 leaves, 6 steps):
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ic ic
+ =
X

j(a+bAr‘cCot[f})2 (a+bAr‘cC0t[f])2 2b(a+bAr'cCot[f])Log[lfi] i b2 Polylog[2, 1- —2]

C X C C

Result (type 4, 259 leaves, 28 steps):

i 1- 1<) (2a+ijog[1—17c])2 +b (2ia-blog[1- <)) Log[1+ €] i 1+ 1) Log[1+ 1<]?

4c 2 X 4c

i b2 Log[1+ %] Log[—j;x] ib (Zia—bLog[l— ]‘X—C]) Log[jzc—;x} ) i b2 PolyLog|2, - izc;x] i b2 Polylog|2, 1;—;"}
2c¢C 2c¢C 2c¢C

2c

Problem 146: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

J(a+bAr‘cTan[;]) "

x3

Optimal (type 3, 84 leaves, 7 steps):

ﬂ+ bZArcCot[f} ) (a+bAr‘cCot[f”2 ) (a+bAr‘cCot[f])2 bZLog[lJri}

XZ

c X c X 2¢c2 2 x2 2 c?

Result (type 4, 836 leaves, 66 steps):

ic)? ic)? . . - i i
_bz (1—7°) _bz (1+7°) _iab_i+3ab+1abL°g[l‘ﬂ +b2L0g[l—i] _3b2 (1—7°) Log[l—f]

16 c? 16 c2 4x> 8x* 2cx 2c? 8c? 4c? ’
b*Log[1- <] ib (1-%<]® (2a+ibLlog[1- <] ) (1-%<) (2a+ibLog[1- €]}’ ) (1-1<)? (2a+1’1bLog[1—j‘xfc])27
8 x? 8c? 4 c? 8 c?

3b2 (142 Log[1+ <] +b2 1+ %) Log[1+ €] ) iablog[i+“f] b’Log[1+ '] b?Log[1-f]Log[1+ f] )
4c? 8c? 2x? 8 x2

4 x2
b2 (1+]17C) Log[l+j‘x—c]2 b2 (1+i(—c)2Log[1+i(—c]2 szog[i+i] _szog[l—ﬂx—c} Log[c - i X] _bZLog[1+jX—c} Log[c + i X]

+

+
4c? 8 c? 8 c? 4c? 4c?

b? Log[%} Log[c + i X] ) b2 Log[c - i x] Log[%] i b2 Log[c + i x] Log[—lj"] i b2 Log[c - i x] Log[%] ) b? PolyLog[Z, %]
4 c? 4 c? 4 c? 4 c? 4 c?

b? Polylog|2, %} ) b? Polylog|2, —]‘75] ) b? Polylog|2, ]lec} ) b? Polylog|2, 1 - lcfx] ) b2 Polylog|[2, 1+ ETX]

4c? 4 c? 4 c? 4 c? 4c?
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Problem 147: Unable to integrate problem.

J*

Optimal (type 4, 214 leaves, 17 steps):

C 3
a+bAr‘cTan{f]) dx
X

1b3c3x+lb3c4Ar‘cCot[i}Jrlbzczx2 a+bArcCot[i})—jbc4 [a+bAr‘cCot[i})2—ibc3x aerAr‘cCO't[i}]ZJrlbcx3 a+bAr‘cCot[§]]2—
4 4 C 4 C C 4 C 4 C
1 (a+bAr‘cCot[i])3+lx4 a+bAr‘cCot[i])3+2b2c4 (a+bAr‘cCot[i})Log[27 — | -1 b c*Polylog[2, -1+ 2. ]
4 C 4 C C - 1 Lc
X X

Result (type 8, 1568 leaves, 139 steps):
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3 5 1 3 3 1 3 1cC,2 ic
-=atbcdx- —iab?Ax+ —bPAx- —iatbc?x?+ —ab?c?x?+ —a?bcx?+ ~ ib?CannotIntegrate[x® Log[1- —| Log[1+ —], x] -

8 16 16 16 16 8 8 X X

E 3 ic ic-2 11 2 4 . C 1 5. . C 3 ) 3 ic

= i b® CannotIntegrate|[x® Log[1- — | Log[1+ —|", x] - =~ ab?c*Log[i- —| - —ib’c*Log[i- —] - ~iab*c*xlog[l- —]+

8 X X 16 X 32 X 8 X

3 2 2.2 ic 1 s 3 ic 5 .5 3 ic ) ic 1 5,5, ) ic

—ab?c?x’log[l- — ]+ ~iab?cx’log[l- —]+ —ib*c®|1-—|x|2a+iblog[l-—]|+ —b’>c’x (2a+1bLog{1——] +

16 X 8 X 32 X X 32 X

5 . 4 ) ic,\2 3 3 ic , ic\?2 3 ., ) ic,)?

—ibc*|[2a+iblog[l1-—]| - —bc [1—— x|2a+iblog[l-—]| + —ibc®x*|2a+iblog[l-—]]| +

64 X 32 X X 64 X

1 icy)2 1 icy)3 1 icy)3 3 ic

—bcx® |2a+iblog[l- —]| - —c* (2a+ijog[1—f] +—x*|2a+iblog[l1- —]| + “iab*c*xlog[l+ —] -

32 X 32 X 32 X 4 X

5 35 5 ic ic 1 55, ic 1 ) 3 ic 3. 5. .4 ic

—b3c [1+— xlog[l+ —| - —ib>c?x’Log[l+ —| - ~iab?cx’Log[l+ —]|-=ia’bx*Log[l+—|+

32 X X 32 X 4 X 8 X

3 ic ic 3 ic,2 5 ic,2 3 ic ic-2

~ab?x*Log[1- — | Log[1+ —]+ —ab’c*Log[l+ —] + —ib>c*Log[1+—| + —b*c® |1+ —|xLog[l+ —]| +

8 X X 16 X 64 X 32 X X

3 .3 5., icy2 1 3 ic,2 3 2.4 icy2 1 o, icy3 1 5, ic,3

—ib*c?x*Llog[1+ —| - —b cx’log[l+ —] - —ab?x*log[l+ —] - —ib’c*log[l+ —| + —ib>x*Log[l+ —] +

64 X 32 X 16 X 32 X 32 X

1 C 3 5 3 ic 5

—ib’c*log[i+—|+ -ia’bctloglc-ix] - —ab’c*loglc-ix]- ~ab?c*Log[1- —|Loglc-ix]--—ab?c*loglc+1ix]-

32 X 8 16 8 X 16

3 > 4 ic ) 3 > 4 c-1x ) 3 ) 4 ) C+1X E A ic,2 ic

—ab“c Log[1+f} Log[c+1x]+—ab“c Log[ }Log[c+1x}+fabc Log[c -1 x] Log[ }Jrfnbc Log[1+f} Log[—f}Jr

8 X 8 2c 8 2c 32 X X

3 ic,)? ic 11 3 ix 3 ix

—ibc* [ZaﬂibLog[lf—} Log[— | - ——ab?c*Log[x] - —ab?c*Log[c+1ix] Log[-—] - =ab?c*Log[c-1ix] Log[—] -

32 X X 8 8 C 8 C

3 ic ic 3 ic ic 3 c-1Xx

—b%c* [2a+ijog[1— 7}) PolyLog[2, 1- — | + — i b c* Log[1+ — | PolyLog[2, 1+ — | + = ab?c*PolyLog|2, ]+

16 X X 16 X X 8 2c

3 C+1X 3 ic 11 ic 11 ic

~ab?c*Polylog|2, | + =ab*c*PolyLog[2, - — | + — i b>c*Polylog[2, - — | - = i b> c* Polylog[2, —] -

8 2c 8 X 32 X 32 X

3 1 X 3 1 X 3 e 3 e
~ab?c*Polylog|2, 1- 1—} - ~ab?c*Polylog|2, 1+ 1—} + —1b’c*Polylog(3, 1- 1—} - —1ib’c*Polylog(3, 1+ 1—}
8 C 8 C 16 X 16 X

Problem 148: Unable to integrate problem.

J*

Optimal (type 4, 229 leaves, 15 steps):

C 3
a+bArcTan|—|| dx

X
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P X 1 3 X-.\y2 1 5 X\ 2
b“ c x a+bAr‘cCot[f])+fbc (a+bAr‘cCot[f]) +—bcx a+bAr‘cCot[f]) -
C 2 C p C
1 Xx.\3 1 X,\3 X )2 2 1 c?
“icd (a+bAr~cCot[—}) + =3 (a+bAr~cCot[—}) +bc3 [a+bAr~cCot[—}) Log[2 - — |+ b’ Log1+ —]+
3 C 3 c c 1 ic 2 x2
X
33 D23 X 2 1.5 2
b>c?Log[x] - ib?c (a+bAr‘cCot[—}] PolylLog[2, -1+ — ] + = b*c*Polylog|3, -1+ — |
c - ke 2 _ic
1 X 1 X
Result (type 8, 1323 leaves, 103 steps):
1 3 1 3 L C L C
—fjazbc2x+fab2c2x+fazbcx2+fjb3CannotIntegr‘ate[x2Log[l—L]zLog[1+L],x}—
2 4 4 8 X X
3. .3 ) i ic-2 3 . 2 3 . c 1 s ic 1 . ) ) ic
= i b® CannotIntegrate|[x? Log[1- — | Log[1+ —|", x| - ~iab?’c’log[i- —|+ ~ab?c*xlog[1- — ]+~ iab’cx’Log[l- —]+
8 X X 4 X 2 X 4 X
1., ., ic ) ic 1 3 ) ic,\2 1, ic ) ic,)?
“b’c (1—— x [2a+iblog[1-—]|+—bc (2a+1bLog[1——] +>ibc (1—— x|[2a+iblog[1-—]| +
8 X X 16 X 8 X X
1 5 . ic\?2 1 . ic (1 . ic\d 1 L, ic ic
—bcx 2a+1bLog[1—f} +—1c¢ [23+1bL0g[177}) + — X 2a+1bLog[1—f} -—1ib’c [1+*)xLog[1+f]—
16 X 24 X 24 X 8 X X
c 1 1c 1 i C i C 1 1 c
—jabzcszog[1+1—]——Jiasz3Log[1+l—}+—ab2x3Log[1—l—] Log[1+1—]+—jab2c3Log[1+l—}2—
2 X 2 X 2 X X 4 X
ic ic 1 ic 1 ic 1 ic
b3c3Log[1+f]2+71b3c2 (1 — xLog{1+f]2—fb3cx2Log[1+f}z—fab2x3Log[1+f]2+fb3c3Log[1+f]3+
16 X 8 X X 16 X 4 X 24 X
3.3 icys 1 50 5 - L2 3 : 1. .23 ic - 1. .53 -
—ib*x*Log[1+—] - =a’bc?logc-ix]+—iab®c®Lloglc-ix]-—iab’c®Log[1-—]Loglc-ix]-—1iab*c®Loglc+ix]+
24 X 2 4 2 X 4
1. 2 3 i ) 1. s 3 c-1X . 1. ) 3 ) C+1X 1.5 4 1c-2 ic
—1ab“c Log[1+—} Log[c+1x] -—1ab“c Log[ ]Log[c+1x]+flabc Log[c - i X] Log[ ]—fbc Log[1+—} Log[—f}Jr
2 X 2 2c 2 2c 8 X X
1 ic,)2 i C 1 1 i X 1 i X
~bc? (2a+ijog[1—L} Log[L]+7b3c3Log[x]+fjab2c3Log[c+jx] Log[—L}—fjabzﬁLog[c—jx} Log[ﬂf}Jr
8 X X 4 2 C 2 C
1 ic ic 1 ic ic 1 c-1x
Zib?c3 (2a+1‘1 blLog[1- —]| PolyLog[2, 1- —] - =b’c’®Log[1+ —] Polylog[2, 1+ — | + = iab?c’Polylog[2, —| -
4 X X 4 X X 2 2c
1 ) 3 C+1X 1 ) 3 ic 3.5 5 ic E ic
~iab®c®Polylog|2, | + =iab?c?Polylog[2, - —| - = b3c?Polylog|2, - —] - = b®c*Polylog[2, —] -
2 2c 2 X 8 X 8 X
1. ) 3 iXx 1. s 3 1x 1.5 5 ic 1.5 3 ic
~iab®c®Polylog[2, 1- —] + ~iab?cPolylog[2, 1+ —| + =b®c®Polylog[3, 1- — ] + = b c* Polylog[3, 1+ — |
2 C 2 c 4 X 4 X

Problem 149: Unable to integrate problem.

J x

Optimal (type 4, 145leaves, 8 steps):

C 3
a+bArcTan|—|| dx

X
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3. ) X,)2 3 X;\2 1, X )3

—ibc (a+bAr‘cCot[f]) +—bcx a+bAr‘cCot[f]) +—C [a+bAr‘cCot[f]) +

2 C 2 C 2 C

1 X)3 X 2 3 2

—= x? a+bAr‘cCot[f]) -3b%c? (a+bAr‘cCot[f})Log[27 — | + = 1ib?c?PolyLog[2, -1+ — ]

2 C C 1- L& 2 1- ¢

X X

Result (type 8, 1058 leaves, 75 steps):

3, 3. ., ic,2 ic 3.5 ic ic,2
=a?bcx+ — ib’CannotIntegrate[x Log[1- — | Log[1+ —], x| - = i b CannotIntegrate|xLog[1- —| Log[1+ —]", x| +
4 8 X X 8 X X

3 5,5 . c 3. ., ic 3 ic ) icy2 1, ) ic,)3
~ab*c’logli-—]+=iab chog{l—f]Jrfbc(l—f x[2a+iblog[l-—]| + —c (2a+1bLog{1—f] +

4 X 4 X 16 X X 16 X

1 ic,\3 3 i C 3 i C 3 i C i C

—x? 2a+ijog[1—l—] ——jabzchog[lJrl—}——jaszzLog[1+l—]+—ab2x2Log[1—l—} Log[1+1—}—

16 X 2 X 4 X 4 X X

3 > o icy2 3 ic ic,2 3 P icy2 1 5, icy3 1 o ic,3
~ab’c?log[1+ —| —fbc(1+f xLlog[1+—] - ~ab?x’Log[1+— | + —ib*c’log[1+ —]| + —ib*x*Log[1+ —] -
8 X 16 X X 8 X 16 X 16 X
3 3 3 ic 3 3 ic
~ia’bc?loglc-1ix]+ ~ab’c?loglc-ix]+ ~ab?c?Llog[1- —|Loglc-ix]+ ~ab*c?®Loglc+ix]+ ~ab?c?Log[l+ —|Loglc+ix]-
4 4 4 X 4 4 X

3 c-1X 3 c+1Xx 3 1 C e

~ab?c?Log| = | Loglc+ix]-=ab®c?Loglc-ix] Log| - }—fjb3c2Log[1+1—}2Log[—L}f

4 2c 4 2c 16 X X

3 ic,)2 i C 3 3 i X 3 i X
—1ibc? 2a+ijog[1—1—} Log[l—}+—ab2c2Log[x}+—ab2c2Log[c+Jlx] Log[—l—}Jr—abzchog[c—jx] Log[l—]+
16 X X 2 4 C 4 C

3 ic ic 3 ic ic 3 c-1x

= b2 c? (2a+1’1bLog{1— —] | PolyLog[2, 1- — | - =i b?*c?*Log[1+ — | PolyLog[2, 1+ — | - = ab?c?PolyLog|2, | -
8 X X 8 X X 4

3 > C+1Xx 3 y ic 3. .5, ic 3. .5, ic
~ab?c?Polylog|2, | - =ab*c?Polylog[2, - — | - = ib’c?Polylog(2, - — | + = i b> c? PolyLog[2, —] +

4 2c 4 X 8 X 8 X

3 > 1x 3 ) 1 X 3. .55 ic 3 .55 ic

= ab?c?Polylog[2, 1- — | + ~ab?c?Polylog[2, 1+ —| - =i b?>c?PolyLog[3, 1- — ] + = ib’ c?Polylog[3, 1+ —|

4 C 4 C 8 X 8 X

Problem 150: Unable to integrate problem.
J(a+bAr‘cTan[E}

X

3
dx

Optimal (type 4, 119leaves, 6 steps):

X )3 X )3 X o\ 2
ic[a+bAr‘cCot[f}) +x(a+bAr‘cCot[f]] —3bc(a+bAr‘cCot[ﬂ) Log|

@ c c cC+1x
o X 2c 3 ., 2c
3i1b“c (a+bAr‘cCot{f}) PolyLo,gPJ 1- ] -—b cPolyLog[3, 1-
C C+1X 2 C+1X

Result (type 8, 805 leaves, 43 steps):
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adx+ 3 i b3 CannotIntegrate [Log[1 - 7}2 Log[1 + E} , X - 3 i b CannotIntegrate|Log[1 - E] Log[1 + E]Z, x| +
8 X 8 X X
2

X

3JiaszLog[l—]‘l—c} +iab2 (ic-x)Log[1-—] +=ib®(ic-x) Log[l—j—]3—zja2beog[1+j—c} +

2 X 4 X 8 X 2 X

abzxLog[l—E] Log[l+£] —zab2 (ic+x) Log[1+—]2+lj1b3 (ic+x) Log[1+£f—iiab2cLog[1+E] Log[-c-1ix] +
X X 4 8 X 2 X

" ic : 35 :
iab?clog[l- —]Log[-c+ix]+ -a’bcloglc+ix]-
X 2

3
a’bclogfc-ix]+ —iab*clog[-c-1ix] Log|
2 2cC
C+1X} +ib3cLog[1+£}2Log[—f} +§b3cLog[1—£]2Log[£} —ijabchog[—c—jx] Log[—H] +
2c 8 X X 8 X X 2 C
) ) i X 3 ic ic 3 ic ic
~iab?clog[-c+ix]Llog[—]|+=b’clog[1-—|Polylog[2, 1- — |+ =b3clog[l+—|Polylog[2, 1+ —] -
2 @ 4 X X 4 X X

ic

iab’clog[-c+ix] Log|

WN[WN|[WN W

c-1X 3 . ) C+1X 3. ) ic 3 ) ic
| + =iab?cPolylog|2, | - =iab?cPolylog[2, - — ]| + = iab?cPolyLog[2, — | +

2c 2 2c 2 X 2 X

3 . ) iX 3 . ) iXx 3 5 ic 3 ic

—1ab cPolyLog[Z, 1—7] -—1ab cPolyLog[Z, 1+7} -—b cPolyLog[B, 1—*} -—b cPolyLog[S, 1+7}

2 C 2 [« 4 X X

3
~iab?cPolyLog|2,
2

I

Problem 152: Result valid but suboptimal antiderivative.

(a +bArcTan| <] )3
J X dx
X2

Optimal (type 4, 136 leaves, 6 steps):

1c
1+ —
X

Ji<a+bAr‘cCot[ﬂ)3 (a+bAr‘cCot[f])3 3b(a+bArcCot[f])2Log[ 2]

C X C

3ib? (a+bArccot[*]) PolyLog[2, 1- -] 3b’Polylog[3, 1- ]

C 2c¢C

Result (type 4, 551 leaves, 82 steps):
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_3b(1—17c) (na—bLog[l-ix—c])z_sb(l_ix—c) (2a+ijog[1-t—°])2_j (1-2) (2a+ijog{1—%”3+

8c 8¢ 8c
3b(2ia-blog[1-<]) Log[1+ <] 3ib(2ia-blog[1- ]| Log[1+ ] 3b?(2ia-blog[1- %] Log[1+ %]’

8c 8 x 8c
3ib? (Zia—bLog[l—i—c]) Log[1+17c]2 ) b3 (1+17C) Log[1+jlx—c}3 ) 3b3Log{1+i—c}2Log[—j;—;X} ) 3b (Zia—bLog[l—i—c})zLog[f—;x} )
8 x 8c 4c 4c
3 b2 (Zja—bLog[l—ijc” PolyLog[Z, —%] i 3b3 Log[1+ l)ﬂ PolyLog[Z, %} ) 3b3 PolyLog[3, —%] ) 3b3 PolyLog[3, %]
2c 2c 2c 2c

Problem 153: Unable to integrate problem.

J\(a+bAr‘cTan[i]) .

x3

Optimal (type 4, 147 leaves, 9steps):

3ib (a+bAr‘cCot[f])2 3b (a+bAr‘cCot[f])2 (a+bA|~cCot[f])3
+

2¢? 2cX 2c?

3 3b% (a+bArcCot[*]] Log[ 2] 3ib*Polylog[2, 1- 2]

1+— 141
X X
+ +

2 x2 c? 2 c?

(a + bAr‘cCot{f])

Result (type 8, 1316 leaves, 81 steps):
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3ib3 (1-1)® 3ap2(1+i¢)? 3ipd(1+i¢)? .. Log[1- i€]?Log[1+ i<
: ( X> - ( +X) - : ( +X) —31a2b_3ab2+3a2b—3b3+ijb3CannotIntegr‘ate[ [ X] { +X],x}_
64 c? 16 c? 64 c? 8 x2 8 x2 4cx 2cx 8 x3
Log[1- <] Log[1+ +€]? 3ia’blogli-<| 3ab2lLog|[i-<] 3ab?(1-1¢) Log[1-1&

EJ'1b3CannotIntegr‘ate[ [ X} [ X] , x|+ [ X] . [ x] - ( x) [ X}+
8 x3 4 c? 8 c? 4 c?
3463 (1-1¢) Log[1- <] +3ab2Log[1J'L7] 3b° (1-%<]® (2a+ibLlog[1- <] +3]1b(17]"x—°) (2a+ijog[1—%])27

4 c? 8 x? 32¢? 8 c?

2 3

ij(l—“) (2a+ibLog[1—i—c])2_ (1—17‘) (2a+ibLog[1—%])3+ (1—%)2(2a+ijog[1—i—c])

32 c? 8 c? 16 c?

9ab? (1+ 1] Log[1+ 1¢] 3 (1+2<) Log[1+c] 3ab?(1+2¢) Log[1+ 1] 3ib>(1+ 1) Log[1+ €]

+ + +
4 c? 4c? 8 c? 32c?
3ia’blog[l+ ﬂx—c} ) 3ab2Log[1+jTC] ) 3ab2Log[1—17c] Log[1 + ]lx—c} ) 3ab? (1+ ]lx—c) Log[1+ %]2 ) 31b3 (1+ ]lx—c) Log[1+ %]2 )
4 x? 8 x? 4 x? 4 c? 8 c?

3ab? (1+2¢)" Log[1+ 1€ 38’ 1+ %) Log[1+ i¢)? b (1+2¢) Log[1+2¢)7 ib? 1+ 1) Log[1+ 1€

+ +

8 c? 32 ¢? 8 c? 16 ¢
3ab2Log[i+i} 3ab2Log[1—jx—c} Log[c - i X] 3ab2Log{1+j‘X—C] Log[c + i X] 3ab2Log[%] Log[c + i X]

- - + +
8 c? 4c? 4c? 4c?
. c+i . i . i c-1

3ab2Llog[c-ix] Log[z—cx} ) 3ab2Llog[c+ 1 X] Log[fT"] _ 3ab2Llog[c-ix] Log[T"] ) 3ab?Polylog|2, Z—CX} )

4 c? 4 c? 4 c? 4 c?

3ab?Polylog|2, %] 3ab?Polylog|2, - l)ﬂ 3ab?Polylog|2, %} 3ab?Polylog|2, 1- ]LC—X] 3ab?Polylog[2, 1+ J‘C—X]
+ + - -
4 c? 4c? 4 c? 4 c? 4 c?

Test results for the 31 problemsin "5.3.3 (d+e x)"m (a+b arctan(c x*n))*p.m

Problem 21: Result optimal but 1 more steps used.

J(d +ex)2 (a+bArcTan[cx?]) dx

Optimal (type 3, 250 leaves, 17 steps):
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2be?x bd?ArcTan|cx?] (d+ex)3 (a+bAr‘cTan[cx2]) b (3cd?-e?) Ar‘cTan[l—\/T\/?x]

3c e i e : 3+/2 32
b(3cd2—e2)Ar‘cTan[1+\E\Ex] b(3cd2+e2) Log[l—\/?\/?x+cx2} b(3cd2+e2) Log[l+x/?x/?x+cx2] bdeLog[1+c2x4]
_ . _
3+/2 ¢3/2 62 c3/? 62 c3/2 2¢c

Result (type 3, 250 leaves, 18 steps):
2be?x bd?ArcTan[cx?| (d+ex)3 (a+bAr‘cTan[cx2]) b (3cd?-e?) Ar‘cTan[l—\/T\/?x]

3cC ) 3e ' 3e " 3\/7c3/2
b(3cd27e2)Ar‘cTan[1+\E\Ex] b (3cd?+e?) Log[1-+/2 V¢ x+cx?] b (3cd?+e?) Log[1++2 v/c x+cx?] bdelog[l+c2x*]
_ . _
34/2 32 62 32 62 32 2c

Problem 23: Unable to integrate problem.

ja +bArcTan|c x?| 5
X

d+ex

Optimal (type 4, 501 leaves, 19 steps):

bel e 1—(—:2)1r’/4x L d bel e (1+(-c?)M*x L q

(a+bArcTan[cx?]) Log[d + ex] ¢ Log| (-c2) Y de J Log(d+ex]  Log|- (-c2)Y*d-e J Log[d+ex]

+ + -
e 24/-c? e 2/-c% e
e |1-4/ -1/ -c? x 4q] =1/ -c?
bcLog| | Log[d+ex] bclog|- | Logld+ex] @) (drex)
_ / +
N 7 g bc PolyLog[Z, )V de }
_ N _
2 -c? e 2+/-c% e 2+ -c% e

-/ -c? (d+ )
b c Polylog|2, ‘ X

] ~c2) Y% (dyex)
\ -/ -c2 d-e bcPolylog [2) (7c2)1/“ d+e ] \| -/ -c? d+e
+ _

24/-c? e 2+/-c? e 2/-c? e
Result (type 8, 30leaves, 2 steps):

, X+

d+ex e

]

ArcTan|c x?]| alog[d+ex]

b CannotIntegrate|
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Problem 24: Result optimal but 1 more steps used.

Ja +bArcTan[c x?| .
X

(d+ex) 2
Optimal (type 3, 328 leaves, 18 steps):

bc2d?®ArcTan|[cx?| a+bArcTan|cx?| bvc (cd?-e?) Ar‘cTan[l—\/?\/?x] bc (cd?-e?) Ar‘cTan[1+\/7\/?x]
. _ _

e<c2d4+e4> e(d+ex) /2 <c2d4+e4> [ (c2d4+e4)
2bcdelog[d+ex] bc (cd?+e?)Log[1-V2 /e x+cx?] brc (cd*+e?) Llog[1++/2 Vc x+cx?| bcdelog|[l+c?xt|
- + +
c2d*+ e 242 (c2d*+e?) 2/2 (c?d*+et) 2 (cd*+ef)

Result (type 3, 328 leaves, 19 steps):

bc2d?®ArcTan|[cx?| a+bArcTan|cx?| bvc (cd?-e?) Ar‘cTan[l—\/?\/?x] bc (cd?-e?) Ar‘cTan[1+\/7\/?x]

- +
e (c2d*+e?) e(d+ex) V2 (c2dt+et) V2 (c2d*+ef)
2bcdelog[d+ex] b+c (cd?+e?)Log[1-V2 Ve x+cx?] b+/c (cd?+e?)Log[1+V2 Ve x+cx?| bcdelog[l+c2x?]
- + +
c2d* v et 242 (c2d*+e?) 2/2 (c?d*+et) 2 (cd*+ef)

Problem 25: Result valid but suboptimal antiderivative.

J(d +ex) (a+bArcTan|cx?| )Zdlx

Optimal (type 4, 1325leaves, 77 steps):
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24 2 (—1)3/4abdAr‘cTan[(—1)3/4\/?x] (—1)3/4b2dAr'cTan[(—1)3/4\/?x}2 ie (a+bAr‘cTan[cx2])2
a X - + + +
Ve Ve 2c
2 (-1)**abdArcTanh| (-1)%* ~1)Y*b2d ArcTanh| (-1)3* g
lex2 <a+bAr‘cTan[cx2”2+ (-1)™"a rean H ) \/?X} —< ) relan H ) \/?X} +
2 Ve Ve
2 (—1)1/4b2dAr‘cTan[(—1)3/4\Ex] Log[m} ) 2 (—1)1/4b2dAr‘cTan[(—1)3/4\/?x] Log[m}
Ve Ve
V2 ((-1) Y% x
(—1)1/4 bszrcTan[(—l)w‘\/?x} Log[ LT e ] ) 2 (—1)1/4b2dAr‘cTanh[(—1)3/4\/?@ Log[m] )
Ve Ve
V2 ((-1)¥%c x
2 (—1)1/4b2dAr‘cTanh[(—1)3/4\/?@ Log[m] ) (—1)1/4b2dAr‘cTanh[(—1)3/4\/?x] Log|- PP, ]
NG Ve
(1+1) [1+(-1)V* /¢ x (1-1) (14 (-1)3/%Vc x
(2] ot aarctan (1) € x] Log | P (1) ot aavetan] 1) e ] og [ ETRTIE)
Ve Ve
iabdeog[l—icxz} . (—1)1/4b2dAr‘cTan[(—1)3/4\Ex] Log[l—jcxz] ) (—1)1/4b2dAr'cTanh[(—1)3/4\/?x] Log[l—jcxz] )
Ve Ve
be (a+bArcTan|[cx?]) Log|[—2 _1)Y4 b2 d ArcT _1)3/4 Log |1+ 1 ¢ x2
lbdeLOg[l—jCXZ}zﬁ— | <)) [1””2]—jabdeog[1+j1cx2]—( ) reTan] (-1) Ve x] Log] chX}Jr
4 C Ve
-1)Y*b2dArcTanh| (-1)%* Log[1+1icx?
(-1) reTanh[ (1) Ve x] Log| +JICX]Jrlbzdeog[l—Jicxz} Log[lﬂicxz}—lbzdeog[1+icx2]2+
Je 2 4
V2 [nh/ex
(—1)3/4 bZdPolyLog[Z, 1—%] ) <,1>3/4b2dPolyLog[2, 1—%] (,1)3/4b2dPolyLog[2, 1- e x ] )
Ve Ve 2+/c
V2 (-1 x
(-1)**b2dPolyLog|2, 1—717(71)32/4\5)(] ) (-1)**b2dPolyLog|2, 1——1“71)32/4%)(] ) (-1)**b2dPolyLog|2, 1+ AP, ] )
Ve Ve 2+/c

(1-1) (1+(-1)¥* Ve x] | iy . .
1+ (-1)Y4/¢ x 1 ePo yLOg[Z, 1- }

1+i c x?

(1+1) (1+(-1)V4Vc x) 24,
NN ] . (71) b dPolyLog[Z, 1- )

2+/c 2+/c 2c
Result (type 4, 1554 leaves, 110 steps):

(-1)**b2dPolyLog[2, 1-
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a2 (d+ex)2 (—1)3/4 bZdArcTan[(—l)B/“\/?x}z

+ +2abdxAr‘cTan[cx2} +abex2Ar‘cTan[cx2} +
2e \E
\/?abdAr‘cTan[l—\/?\/?x} \/?abdAr'cTan[lJr\/?\/?x} (—1)1/4b2dAr‘cTanh[(—1)3/4\Ex]2
- - +
Ve Ve Ve
2 (—1)1/4b2dAr‘cTan[(—1)3/4\Ex] Log[m} ) 2 (—1)1/4b2dAr‘cTan[(—1)3/4\/?x] Log[m}
Ve Ve
V2 ((-1) Y% x
(-3)"* b dareran] (-1 Ve x] Lop[ 1 ST 2 () darctann [ (-2)* Ve x] Lopl ]
Ve Ve
V2 ((-1)¥%c x
2 (—1)1/4b2dAr‘cTanh[(—1)3/4\/?@ Log[m] (—1)1/4b2dAr‘cTanh[(—1)3/4\/c_x] Log|- PPN, ]
+
NG Ve
(1+1) [1+(-1)V* ¢ x (1-1) (14 (-1)3/% Vc x
(2] "ot aarctann (1) € x] Log B (1) ot aaetan] (1) E x| og [ BRI
Ve Ve
(—1)1/4b2dAr‘cTan[(—1)3/4\/?@ Log[l—jcxz] ) (—1)1/4b2dAr‘cTanh[(—1)3/4\/?@ Log[l—icxz} _lbzdeog[l—icxz}z—
Ve Ve 4
ib?e (1-1icx?) Log[l—jlcxz]2 ib2elog[l-icx?] Log[§(1+icxz)] (—1)1/4b2dAr‘cTan[(—1)3/4\/?x] Log[1+ 1 cx?]
- - +
8¢ 4c \/?
_1)Y4 p2 4 ArcTanh| (- 1)3/4 log[1+1cx2] ib?elogl[® (1-icx?)]|Log[l+icx?
(-1) rcTanh| (-1)"" Ve x] tog[t+icx’] il )| tos| }+—b2de08[1—icX2}L08[1+j1cx2}+
\/? 4c 2
ib2e (1+icx?) Log[l+icx?]® abdLog[1l-+/2 2
Ebzeszog[l—Jicxz]Log[1+j1cx2]—lbzdeog[1+J'1cx2}2+]l e (1ricx?) Log[1ricx’] e il \/7\/?X+CX}+
4 4 8¢ NerS
abdLlog[1+V2 /c x+cx?] abelog[l+c?x*] i b?ePolylog|2, i (1-icx?)] 1ib%ePolylog|2, i (1+1cx?)]
- - + +
\/?\/? 2cC 4c 4c
3/4 9 2 C1\3/4 2 ~ 2 4\3/4 2 V2 ()Y e x
(-1)%“b2dPolyLog|2, 1771—(—1)1/"\/?x] ) (-1)**b2dPolylog[2, 1 71%1)1/4%)(] ) (-1)°%b2dPolylog|2, 1 PRV ] )
Ve N3 2+/c
V2 [(-1)¥* e x
(—1)1/4b2dP01yLog[2,1-717(71)32/4WX] (-1)**b%dPolyLog|2, 1-—1“71);4%)(] (-1)**b?dPolyLog[2, 1+ PPN, ]

NS ’ Je NG
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(1+1) (1+(—1)1/4Fx) ]
1+ (-1)¥4+/c x

2+/c 2+/c

(1-i) (1+(71)3/“\Ex) ]

1/4 .2
(-1)"*b2dPolyLog|2, 1- APTTI

(-1)**b2dPolyLog|2, 1-

Problem 26: Result valid but suboptimal antiderivative.

dx

J (a+bArcTan|cx?] )2

d+ex

Optimal (type 8, 22 leaves, 0steps):

(a+ bAr‘cTan[c xz] )2

Unintegrable | » X]

d+ex

Result (type 8, 56 leaves, 2 steps):

ArcTan [c XZ]

ArcT 2]? 2
» X] +b? CannotIntegrate| reTan[cx?] , X+ a’Logld+ex]

2 abCannotIntegrate|
d+ex d+ex e

Problem 27: Result valid but suboptimal antiderivative.

dx

J (a+bArcTan|cx?| )2

(d+ex)2

Optimal (type 8, 22 leaves, 0 steps):

(a+ b ArcTan|c x?] )2

Unintegr'able[ B x]

<d+ex)2

Result (type 8, 363 leaves, 21 steps):
a2 2abc? d3Ar‘cTan[c xz] 2abAr‘cTan[cx2] V2 ab+c (cdz—e2> Ar‘cTan[l—\E\Ex]
+ - + -
e(d+ex> e(c2d4+e4) e(d+ex) c2d4 + et
V2 abi/c (cdz—ez)Ar‘cTan[1+\/?\/?x]
+b? CannotIntegrate [ ,
c?d+ et (d+ex)2 c2d4+ et

abx/?(cd2+e2) Log[l—\/?\/?x+cx2] ab\/?(cd2+e2) Log[1+\/7\/?x+cx2} abcdelog|l+c?x?]

Ar‘cTan[cxz]2 ] - 4abcdelogld+ex]

+ +

V2 (c2d4+e4) 2 (c2d4+e4) c2d*+e?



5 Inverse trig functions.nb

Problem 28: Result valid but suboptimal antiderivative.

J(dJrex)2 (a+bAr‘cTan[c x3]) dx

Optimal (type 3, 315leaves, 24 steps):

bdeAr‘cTan[clBX} bd3ArcTan[cx3] <d+ex)3 (a+bAr‘cTan[cx3])
- - + +
c2/3 3e 3e

9 ¢2/3 32
bdeAr‘cTan{\/?—ch”x] bdeAr‘cTan[\/?+2c1/3x] \EbdzArcTan[lz\CE"] bd? Log[1 +c?/3 x?]

+ + -
2c2/3 2C2/3 2c1/3 2C1/3

\/?bdeLog[l—\Ecl/3x+c2/3x2} \EbdeLog[1+\Ec1/3x+c2/3x2] b d? Log[l—c2/3x2+c4/3x4] bezLog[1+c2x6]
N _ _

4C2/3 4c2/3 4c1/3 6C

Result (type 3, 331 leaves, 25 steps):

d 3 bdeArcT 1/3
a(d+ex) _DdeAre Za/r;[c d +bd?xArcTan[cx?] +bdex?ArcTan[cx®] + lbez x* ArcTan [cx?] +
e ¢ ’

_2¢2/
bdeArcTan[+/3 -2c¥?x] bdeArcTan[v/3 +2cl/3x] \EbdzAPCTan[lzj;XZ] bd? Log[1 + c?/3 x?]

+ + -
2C2/3 2C2/3 2c1/3 2c1/3
V3 bdelog[1-+/3 c¥3x+c?3x2] /3 bdelog[1++/3 c3x+c?3x?] bd?Llog[1-c¥3x2+c¥3x*] be?log[l+c?x®]
4c2/3 * 4c2/3 N 4c1/3 N 6cC

Problem 29: Result optimal but 1 more steps used.

J(d +ex) (a+bArcTan[cx?]) dx

Optimal (type 3, 285 leaves, 22 steps):
beArcTan[c?x] bd?ArcTan[cx?] (d+ex)® (a+bArcTan[cx?])

+ +
2 ¢2/3 2e 2e

\/?bdAr‘cTan[%} bdLog[1+c¥3x?]
. _

beArcTan[V/3 -2c¥3x] beArcTan[/3 +2c'/3x]
4 c2/3 - 4 c2/3 i 2 cl/3 2 cl/3
V3 belog[1-+/3 c3x+c?3x2| /3 belog[1++3 c¥3x+c??x2| bdLlog[l-c?/3x?+c*3x4]
. _

8 c2/3 8 c2/3 4c1/3

Result (type 3, 285leaves, 23 steps):

| 91
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beAr‘cTan[cl/3 x} bdzAr‘cTan[c x3] (d+ex)2 (a+bAr‘cTan[c x3])
- - + +

2 ¢2/3 2e 2e

ﬁbdArcTan[%} bdLog[1+ 23]
N _

beAr‘cTan[x/?—ch““x] beAr‘cTan[V?+2c1/3 x|

+

4 c2/3 4c2/3 2 /3 2 c1/3
/3 beLog[lf\/B c1/3x+c2/3x2} \/3 beLog[1+\/3 c1/3x+c2/3x2} deog[l—c2/3x2+c4/3x4]
+ _
8 c2/3 8 C2/3 4 c1/3

Problem 30: Unable to integrate problem.

Ja +bArcTan[c x3| .
X

d+ex

Optimal (type 4, 739 leaves, 25 steps):

bclLo [e 1-() | Logld+ex] bclog] @ (1 (er) Ve | Log[d +ex
(a+bAr‘cTan[c x3]) Log[d + e x] g (-c2) 5 dre gld+ex] g~ (-c) Yo d-e gld+ex]
+ - +
e 2+ -c? e 2+ -c? e
e ((—1)1/3+<—c2)1/’6 x) e ((—1)2/% ({2)1/5 x) (-1)%3e (1+(—1)1/'3 (—cz)lr’/s x)
bclog|- - Log[d +ex bclog|- - Log[d+ex bclo Log[d +ex
g[ (-c2)d-(-1)Y3e } gld+ ] g[ (-c2)Yfd-(-1)2e ] gld+ ] g[ (-c2)Yods (1) e } gld+ ]
_ . _
2+ -c? e 2+ -c? e 2+ -c? e
(71)1/3‘5 (1+(71)z/3 <7c2)1/6 x) _c2) /6 (d+e x) _c2)1/8 (d+e x)
bclLog| o) e | Logld+ex] bcPolylog|2, _(—)—(—cz)l//sd—e | bcPolyLog|2, _(—)—(—cz)l/sd+e ]
- + +
2+ -c? e 2+-c% e 2+ -c? e

b c PolyLog|2, M] b c PolyLog|2, M} b c PolyLog|2, J’—CZ)M] b c PolyLog |2, M}

(7C2)1,/6d7(71)1/3e <7Cz)1/6 d+(—1)1//3e (7C2)1/6d7(71)z/3e <7C2>1/6 d+(—1)2/3e

- - +

2/ -c? e 2+ -c? e 2+/-c? e 2+ -c? e
Result (type 8, 30 leaves, 2steps):

, X] +

d+ex e

ArcTan[c x3] alog[d+ex]

b CannotIntegrate|

Problem 31: Result optimal but 1 more steps used.

Ja + bAr‘cTan[c x3] 4
X

<d+ex)2

Optimal (type 3, 906 leaves, 34 steps):
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bc2/3de3Ar‘cTan[c1/3 x} b c? d5Ar‘cTan[c x3] a+bAr‘cTan[c x3} bc?3d (\/?cd3+e3) Ar‘cTan[\/?—zcl/E‘ X]

- + - + +
c2db + e® e (c2d+ef) e(d+ex) 2 (c2d® +ef)
1+ 26 x , /
bc2/3 4 (\/?cd3—e3) ArcTan[v3 + 23] ) /3 bcs3e (\/—c2 d3+e3> ArcTan | o ] ) 3 bc3e (\/—c2 d3—e3) Ar‘cTan[c“\%j/:sx} )
2 (c2d° +ef) 2 (-c2)?? (c2df + ef) 2 (-c2)¥3 (c2 b+ ed)
bc5/3 e (\/? d3+e3> Log[<7c2>1/67c2/3x} bc5/3e (\/?dB’—e?’) Log[ <7c2>1/6+c2/3x]
- +
2 (-c?)?? (c2d°+e®) 2 (-c?)?? (c2dS + ef)
3bcd2e?log[d+ex] bc*2déLog[1+c??x?] bc2/3d(cd3—ﬁe3) Log[l—\/?cl/3x+c2/3x2]
N _ _
c2dé + e 2 (c2 d6+e6) 4 (c2d6+e5>
bc2/3d (c d3+\/?e3) Log[1++/3 22 x+c?3x?] bc3e (\/?d3—e3) Log{(—cz)lﬁ—cz/3 (—c2)1/6x+c4/3x2}
4<c2d6+e6) " 4(7c2>2/3 (c2d6+e6) 7
bc5/3e (\/? d3+e3) Log[<—c2)1/3+c2/3 (_c2)1/6x+c4/3 Xz] b c d? e2 Log[l+c2 Xs]
4 (-c?)?? (c2d° + ef) 2 (c?d°+e)
Result (type 3, 906 leaves, 35 steps):
bc23de®ArcTan[c3x] bc2d®ArcTan[cx?] a+bArcTan[cx?] bc*’d (\/?cd3+e3> ArcTan[+/3 -2c'/x]
- + - + +
c2d + e® e (c2d°+ef) e (d+ex) 2 (c2d® +ef)
1+ 26 x / /
_c2)1/6 4/3 4 —c2)”/
bc?3d (\/?cd3—e3) ArcTan[+/3 +2cl/3 x] ) V3 bcle (\/—c2 d3+e3) Ar‘cTan[#] ) V3 bcs3e (\/7c2 d37e3) Ar‘cTan[—(—)—c Bj?;/:sx} )
2 (c2d® +ef) 2 (-c2)?? (c2db +ef) 2 (-c2)?? (c2db +ef)
bc5/3e (\/?d3+e3) Log[(—cz)l/s—CZBX} bc5/3e (\/?d3—e3) Log[(—c2>1/6+c2/3x]
- +
2 (—c2>2/3 (c?d® +e®) 2 (—c2>2/3 (c2d®+ef)

3bcd?e?Log[d+ex] bc¥3d*Log[1+c??x] bc2/3d(cd3—ﬁe3)Log[l—\/?cl/3x+c2/3x2]
. _

c2d6 + eb 2 (c2d®+ef) 4 (c2d°+ef)
bc2/3d (c d3+\/?e3) Log[1++/3 23 x+c?3x?] bc*3e (\/7d3—e3) Log[(—cz)l/B—CZ/3 (—c2)1/6x+c4/3x2}
4 (c2d+ef) i 4 (-c?)?? (c2d° + ef) .

bc>3e (\/—c2 d3+e3) Log[(-c2)*?+c?3 (-2) Vo x+ c*3x2]  pg2e2 Log[1 +c? x®]

4 (—c2)2/3 (c?d°+e®) 2 (c2d° +ef)
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Test results for the 1301 problems in "5.3.4 u (a+b arctan(c x))*p.m"

Problem 1137: Result valid but suboptimal antiderivative.

Jx3 (d+ex2)3 (a+bArcTan[cx]) dx

Optimal (type 3, 240 leaves, ? steps):

b (10c6d3-zec4d2e+15c2de2—4e3) X b (1ec6d3-2ec4d2e+15c2de2-4e3) x> be (20c4d2-15c2de+4e2) x>

40 c° 120 ¢’
b (15c2d74e) e?x’” pe3x°

200 c°
b(c2d-e)® (c2d+4e)ArcTan[cx] d(d+ex?)* (a+bArcTan[cx]) (d+ex?)® (a+bArcTan[cx])

+ - +
280 ¢3 90 c 40 c1@ g2 8 e? 10 e?

Result (type 3, 285 leaves, 8steps):

b (325 c®d*+1815c®d® e - 4977 c*d?e? + 4305 c2d e’ - 1260e*) x b (5c®d®+750c*d?e-1071c?>de? +420e?) x (d+ex?)
+

12600 c® e 12600 c’ e )
b(25¢*d?2-135c>de+84e?) x (d+ex?)? b (23c2d-36e)x (d+ex?)’ bx (d+ex?)’
4200 c® e ) 2520 c3e ) 99 ce :
b(czd—e)4(c2d+4e> ArcTan[c x] d(d+ex2)4(a+bAr‘cTan[cx}> <d+ex2)5(a+bAr‘cTan[cx])
40 ¢ e? ) 8 e? : 10 e?

Problem 1292: Result valid but suboptimal antiderivative.

J(a+bAr‘cTan[cx}> (d+elog[1+c2x?]) i

XZ
Optimal (type 4, 100 leaves, 6 steps):

ce(a+bAr‘cTan[cx])2 (a+bArcTan[cx]) (d+elog[1+c2x?]) 1

- +=bc (d+elog[1l+c®x*|) Log|1- ! }71bcePolyLog[2, !
b X 2 1+c2x? 2 1+c?x?
Result (type 4, 92 leaves, 8steps):
ce (a+bArcTan[cx])? bedLloglx] - (a+bArcTan[cx]) (d+elog[1+c2x?]) bc (dJreLog[lJrczxz])2

1
- - ~bcePolylog[2, -c?x?|
b X 4e 2
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Problem 1294: Result valid but suboptimal antiderivative.

J(a+bAr‘cTan[cx1> (d+elog[1+c2x?]) .

x4

Optimal (type 4, 189leaves, 15 steps):
72c2e (a+bArcTan[cx]) i c’e (a+bArcTan[cx])? b e Log (] - lbc3eLog[1+c2x2} bc (1+c2x?) (d+elog[1l+c2x?]) i
3x 3b 3 6 x>

b ArcT d L 1 2 x2
(2 +bArcTan(cx]) (d e Log] +cX”—lbc3(d+eLog[1+c2x2])Log[l— }+lbc3ePolyLog{2, !
3x3 6 1+c2x? 6 1+c?2x?

Result (type 4, 186 leaves, 17 steps):

2¢? b ArcT 3 b ArcT 2
el e (a+bArcTan(cx)) £ e (a+bArcTan[cx]) —lbc3dLog[x]+bc3eLog[x}—lbc3eLog[1+c2x2]—

3 X 3b 3 3
bc (1+c2x?) (d+elog[1l+c?x?]) ) (a+bArcTan[cx]) (d+elog[1+c?x?]) +bc3 (d+eLog[1+c2x2”2 +lbc3ePolyLog[2, L]
6 x2 3x3 12e 6
Problem 1296: Result valid but suboptimal antiderivative.

(a+bArcTan[cx]) (d+elog[1+c?x?])
j < dx
Optimal (type 4, 248 leaves, 24 steps):

7bc3e 2c?e (a+bArcTan[cx]) 2c*e (a+bArcTan[cx]) cse(aerAr‘cTan[cx])2
_ _ . . _

60 x? 15 x3 5 x 5b
bc(d+elog|l+c?x?|) bc®(1+c?x?) (d+elog|l+c?x?
EbCSeLog[x}+Ebc5eLog[1+c2x2}f ¢ (dretog[1rcix]) L o€ (1+c*x) (drelogl1rc®x]] -
6 60 20 x4 10 x2
b ArcT d L 1 2 x?
(2 +bArcTan(cx]) (d+eLog| +CX”Jrlbcs (d+eLog[1+c*x?]) Log[1- ! ]7ibc5ePolyLog[2, !
5 x° 10 1+c?x? 10 1+c?x?

Result (type 4, 245 leaves, 26 steps):
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7bc3e 2c?e (a+bArcTan[cx]) 2c*e (a+bArcTan[cx]) cse(aerArcTan[cx])2

+ + +lbc5dLog[x]—
60 x2 15 x3 5 X 5b 5
b d L 1 2 x? bc3 (1 2x2) (d L 1 2 x2
5bc5eL0g[XJ+Ebc5eLog[1+c2x2}— ¢ (drelog| +CX]>+ @ [(1+c2x) (drelog] +CX])—
6 60 20 x* 10 x?

(a+bArcTan[cx]) (d+elog[1+c2x?]) bcS (d+eLog[1+c2x2])2

1
- —bc®ePolylog|2, -c?x?|
5 x5 20e 10

Test results for the 70 problemsin "5.3.5 u (a+b arctan(c+d x))*p.m"
Test results for the 385 problems in "5.3.6 Exponentials of inverse tangent.m"
Problem 344: Result valid but suboptimal antiderivative.
J enAr‘cTan[ax] dx
x (c+a?cx?)
Optimal (type 5, 65leaves, 3 steps):

i @nArcTan(ax] 2 i enArcTan[ax] Hypergeometric2F1 [1) _ jz_n" 1- J'lz_n, @2 1 ArcTan[ax] ]

cn cn

Result (type 5, 132 leaves, 3 steps):

i (1_jax>ﬂ7" (1+iax>’% 2 (1fjax)1+% (1+1'1ax)’1’?Hypergeometric2F1[1, 1+ ’12—”, 2+ ]"2—”, _ii:i]

cn c(2+1‘1n)

Problem 345: Result valid but suboptimal antiderivative.
e" ArcTan[a x]
J— dx
X2 (c+a?cx?)
Optimal (type 5, 90 leaves, 5 steps):

iaenAreTaniax] (j.n)  gnarcTaniax] 2 ae"A"TAN3X) Hypergeometric2F1 (1, - ]'12—”, 1- ]'12—”, ~1+ .2;‘ ]
1+aX

cn cX C

Result (type 5, 180 leaves, 5 steps):
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a(1-in) (1*]'13X)12_n(1+1'1ax)_j7n (1—]’1ax)%<1+]‘lax>-j7"

cn cX

) 140 , _q_fin . in in l-iax
2an(1-iax)"z (1+iax) " Hypergeometric2F1[1, 1+ 502t 1+jax}

c(2+1in)

Problem 346: Result valid but suboptimal antiderivative.
e" ArcTan[a Xx]
j - ax
X3 (c+a?cx?)
Optimal (type 5, 126 leaves, 6 steps):

i g2 enArcTan[ax] <_2 +in+ nz) ehArcTan[ax] a ehArcTan(ax] p i a2 e"ArcTan(ax] (72 + nz) Hypergeometric2F1 [1, - 112_n, 1- ?, @2 iArcTan[ax] ]

2cn 2 c x? 2cx cn

Result (type 5, 242 leaves, 6 steps):

a? (2i+n-in?) (1-iax)> (1+iax) = (1—Jlax)ﬁTn(1+J’Lax>’ﬂz_n

2cn 2cx?

an <1_iax)ﬁ7n <1+iax)*ﬂ7" a? (2-n?) (1fjax)1+% (1+]'1ax)_1_iTnHypergeometr~ic2F1[1, 1+ iz—”, 2+ ﬂz—”, _ﬂZi]
.

2cx c(2+1‘1n)

Test results for the 153 problems in "5.3.7 Inverse tangent functions.m"
Test results for the 234 problems in "5.4.1 Inverse cotangent functions.m"

Problem 107: Result valid but suboptimal antiderivative.

ArcCot[a + b x]
J— dx

c +dx?

Optimal (type 4, 642 leaves, 15 steps):
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b(j\/?fx/d_x) } J'lb(\/c_ﬂ'l\/?x)

Log[ J'L+a+bx] Log[—

Log[— Ji—a—bx] Log[

a+bx (bVesa-ia)vd | (asbx) a+bx (b -(ria) Va) (awbx)
_ . )
a~/c \/d ac Vd
. jﬁ+ﬁx) . b(i\/?ﬂ/?X) (b\/?—]‘la\/?) (i-a-bx)
L _dmabx iy ° ( L iratbx ] | B Polyl 5
sl arox J Log| (b v aeia) Vd ] @by } i arbx J Log| (bVe+i (i+a) Vd | (asbx) ) olyLog|2, (bVe -(1+ia) Vd | (a+bx)
+ + -
4\/?\/? 4\/?\/? 4\/?\/?
PolyLog[z, _ (b\/ciﬂiaﬁ) (i-a-bx) ] POlyLOg[Z, (b\/?—iaﬁ) (i+a+bx) ] POlyLOg[Z, (bd?+iaﬁ) (i+a+b x)

(bﬁqlﬂi a) ﬁ) (a+b x) (bﬁql-j a) ﬁ) (a+b x) (bﬁﬂi (i+a) ﬁ) (a+b x)
- +
4~/c \d 4~/c \d 4~/c \d
Result (type 4, 655 leaves, 37 steps):

jArcTan[ﬁv@} (Log}%] +Logla+bx] 7Log[fj+a+bx]>
C +

2+/c Vd
i @ _ : i+a+b x : 7 M
i ArcTan| \F] (Log[a+bx1 Log[i+a+bx] +Log[—a+bx }) ) ilog[-i+a+bx] LOg[bﬁqi,a)ﬁ}

2ve Vd av"c Vd

b (/-c -\/d x b (v—c ++/d x b (VC eV d x
i Log[i bx]L i Log [ i byl L Loals L
ilog[i+a+bx] Og[bﬁ+(i+a)ﬁ} 71 og[-i+a+bx] og[bﬁ+<j-a>ﬁ] +1 og[i+a+bx] og[w___ma)w_] )
4\/—C \/? 41/_c \/? 4\/?—\/?
i Polylog[2, - & U=20x ] polylog[2, —Ydli=abxt | polylog[2, - (412Xl ] polylog[2, —Ld iratbx
e og[ bﬁ—(ﬂ—e)ﬁ} ~ Loy og[ b\/Tmi,a)W] i og[ b\/T*(J'ua)\/?] ~ 1roLy og[ b\/TMJ'Ha)\/d_]
4 -cC \/d— 4+ -c \/? a4~/ —c \/? 4\/T\/?

Test results for the 12 problems in "5.4.2 Exponentials of inverse cotangent.m"
Test results for the 174 problemsin "5.5.1 u (a+b arcsec(c x))*n.m"
Test results for the 50 problems in "5.5.2 Inverse secant functions.m"

Test results for the 178 problems in "5.6.1 u (a+b arccsc(c x))*n.m"

Test results for the 49 problemsin "5.6.2 Inverse cosecant functions.m"
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Summary of Integration Test Results

4585 integration problems

A - 4513 optimal antiderivatives

B - 47 valid but suboptimal antiderivatives
C - 9 unnecessarily complex antiderivatives
D - 16 unable to integrate problems

E - 0 integration timeouts

F - O invalid antiderivatives



